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1_: : N Ways to Use This Progra ) .

A carefyl examiﬁatian of the text will revégl gertain basie features.

' 1. Although much of the iﬁféfmat}@ﬁ to be imparted is braken dnvﬁ inté
%msll steps, tne book mlso contains passages of gtraight text, where
’ " we wish the student to consider a caneéﬁt in its entirety, or where
. we wish to mntlvate a transition tc a ﬂEH idea, or for some similar
purpose. . ,’ # * —
. : : _ / .-
2. The student is required to respond in some way at each step, except
) in passages of |strdight text. A special response sheet for éa;:h‘
7 section. is provided. Frequently, the réquiréd mode of response 1s
to write a word or numeral which completes {he sentence. In other
cases, the student is asked to indicate a cholce of resp@nseslby
cireling a letﬁefi From time to time exercises sppear for which the
} _ correct answers é}é supplied at the back of “the book. These ex;rcises
] provide special opportunity for the student to write up solutioms in

i complete and acceptsble form. 7 :

3., 'The student's nesponse is immediately reinforced by checking against
correct responges which are furnished to him. Since most of these--
except whexe he is referred to the answer key--are of necessity close

’ to the items tg which they correspond, they are in shadgd;z@nesi In
the preface to 'the text, we suggest to the student that he will find
it helpful to cover the shadéﬁ zone with a piece of paper or a card
while he makéa‘his resSponse. - ' T !

Of course, the studéﬂt will gain little by blindly copying responses., The
tearher should Enc@urage1thé attitude that by aaidﬂing the student "chéats"

- himself. On the other hand, learning is an [tive process, and tl ere seems
1ittle ground for canLerﬂ if the student occas 1y verifies his ?ESP@ﬁSE
hefors wrifinr it., In pdrtlful , students should not feel that working the
program is an extended t% it u;tugti@n) and tEEChErSvShGuld help them to define-
goals in terms ot ideas %ﬁd zkills mastered, rather than Df'théuﬁuﬁbér>éf
responszes completed. We hope that students will become aware that they can
often learn from ﬁlutakp)i L,

.The classr@@m u * the book may vary arcard;ng to thé abllitleg and the
mathematical background of the students, from a completely gelfepagad technique
to a more conventional situation in which the book is used as a baslc text, with
gpportunitiecs for class discussion and individual help, .

1
‘ - .2
Y [}
i - :
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For guperiar students, self-pacing may be Egpeclalig effective, _gince it
;would enable such students to move rapidly. Tth Wﬁuld be particularly true
" in the early ch&pterg-igich include mugh material wlth which they may already
be fsglisr.

- For tudents of average ablllty, part of .the wo rklng f the pr@gram may*F;

be deone in Elasg, with the teacher free to move about, giving indiviadal® help
and guidance. With the rést of the work "done Qutald of Qlassg thé(grcup will
bé ensbled to'move at a uniform pace, with tlme E,Va.ll pl for class discussion

at frequent intervals. -

1. A student who is absent for several days can be ‘expected to gain

more from working through the program on his own than he.could learn
from an ordinary, text without 3 } 7
F! A student who enters the class late in the yesr rh@uld be able to
catch up more éaéily:‘with less extra assistance than would be
v possible with a conventional text, K B
3. The student whg often drops Lehin and becomes hopelessl gaatg
conventional class may be ‘ontinue at his own pecd® in this
+ text, and thus salvaresomet ing-from the year?s work,
¥,  For gtudentsz who nes with #etails of the work, "branches
have ®Been built in aid. Alco, detailed solutions to
= - ) 5
¢ Many problems will ancwer key sketion. ~
5. vided in order that the more able
tirme on what he has already mastered, °
SUper ior
slowly,




thaﬁf tegchérs 1&1&3 are familiar with the Ef‘b Course in Algebra should v\:rk . -
: thmugh the program with care. This procedifre is, of cours 1mpers.tive fc;r
* the teacher who is teaching SMSG Algebra for the first time..
) " The pragram is intended to provide a ful‘f yearls course for -a * superior .
student with & ga@d background in such to opics as those included in the SMSG
. - texts fDI‘ grﬂdég 7 and 8. For less able -Stutiéﬂt“ and atuden’ga wlﬂl(/::ut guch -

5 it 1¥ necessar y tc:l select, from the weglth of ma.tér:.sl in.the text,

thase tc:p;cs ‘which are ba;s:w to @@daqlia.te cours€ in first year algebra. In,

- ' general, however, wé suggégt tha,t Parts 1 and 2 ghauld be ccweréd in ‘Efé firat i—
: er;. ¢
;ﬁ;j‘ of the school year. ' ) '

5 . z

- For the Ewerags :.tuc"len* whose b ackground is .la:rgely tradltlgnsl a.ritlmletic
: the unstarred items in the following chapt ers form a minimal :;Durga. -
. Chapté;s 1-18 oo . 7 -
‘ B ‘3 Chapter 20 —
0 o - . Chapter 22 ! '

“ Wheré time permtts, this may be enriched by éading pther gections or chapters,
and by assigning gtérréd items. . . K

A A;lthauz:h the Pun*truc‘tlt:m of suitable chapter tedts is left to the %kill

. and judgment of the teg,uhé,l; at the end of this volume (pa.ge 90 ) are.suggested

test items for each chapter, which have been compiled as an-aid in testing for

R- . the goals of the chapte oL : : -

M

ZOE 0f the chapter,.

L .
2 g - i
= ® Y ¢
U
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!the "1deas that underlie ‘the -mathematical Pre;entatiﬂn.

Since ‘the pragram is- self—euntained iy thé aéhse ‘that the student ghould
be. able to fuliaw the detalls Qf‘the msthematieal devalapment tqgg outline is
rather brief, Wé hope that the autline—uill guidé the teagher in undargtanding

The general plan of the cburse is tc build.ﬁpmn the student!s experience

" with arithmetic. wEfysume that the student is familiar with ‘the operations of

aﬂditiaﬂ and multiplicaiian in azithmetic, The gtudent haa prnbably had

. expcsuré;tc ufihg a number line. In ChaPter= 1-4 the student is led to extract

from his experience the fundamentael. properties.of addition and multiyliéatlan.
ThEﬁé‘chapters alsa intraduae the language of #ets, the notion of varisbler and

ihe cgncept of -order on the number line. Mich of this matérlal may be familiar

to many studgnts. It is hoped that these chapters may bé covered quiekly. In
the early chapteru the atuﬂént will bécémﬂ ‘acquainted with the mechanicg of the

,-progfam-while dealing with material which 1s not entirely nev to him.

Chapter 5 15 of a spécial f§§? It is designed tc assizt the student

. 1n develgping skill in using the 1anguagé and symbolism Di algebra in relation -

.to word prgblemu. : - : ‘

Part 2 (Chepters 6-11) bégiﬁﬂ with the introduction of theé negative real
numbers. This introduction is made by adj@lnlng the set of negative real

numbers to the set of numbérg of arithmetica * The number line is used to pro-

-vide a geometrically intuitive model. - Some students havg had experience wigh -

negative numbers, but our use of Ygppo site ' will probably be new. Addition
and mltiplif:aticn gre then Hefined for the real numhex*u. We base these defi-
nitions on the student', ability to add and multiply in arithmetic, Qn’thé
definition of "Gggasité" anﬂlin~thé desire to preserve. the fundamental proper-

ties. Thus, we "extend" these operations from

<

t
to the set of real numbers. Adopting the sam®poini.of view, wa extend the

order relation "ia less thaﬁ"rtaiihg real mumbers and develop the bas sic propér-

tdes of “this reltion S - ,
fﬂe‘ : s
At the end of Chapter 10, tha dEvelament of the resal number zys tém 1§
summarized. The fundamental pr@pertgés of addition, multiplication/ and, order
1 h ’

are listed. These are axioms for an ordered field, a%ihnﬁEh-we do not use this

terminology. The Completeness Axiom, which iz needed*for a full definition of .

the real number system, is not presented. At thid point, zf alzo list the
t

various theorems which have bpin discu Chupter 11 codtains defin%tig@s of

e

y o= S

he set of numbers of arithmetic

:



‘ edo

i - T
. . ﬁl_ - | ' . . ,
au’btrg::tign snd tiivisﬁn in temg r::f additian and’ mﬂgplicaticn; respec:tivelyi
This cc:@letes the fftansign of the a:ithmetic gf the m:n-negative numbers to .

'the rea.l numberg - -

. Part 3 begins with a c’ha.pter on the factarlzgticn of pgs itive integers.
v  Bgme of this material will be in the hature of review to most students. 'Itis .*
* included at this ;rgint for several reasons. I1i-is needed in working with 1
' + frachions amd palj*nr;\mia;ls; and we msli to pointaput, leter on, the ‘analogies
' between fa::tariﬁgi iﬁtégers and fax:tc:zrix{g polynomials.- In addition, t}?-materia%
is interesting in-its own right .and it foe£s'a chapge of pace for thé student.
L Chapters 13-17 deal largely with topics that are udually considered as '
:‘éléméntsry algebra". These topics ‘are fl;s.("l’iani e:@@nen‘ti radicals, and
polynomials. As méh‘lp ulativé skills are dexelapéd the studfnt is expected ‘t.a
understand the rdfésons which Justify-jthe manlpula.tl@ These reasons, in
~turn, depend on the earlier materisl; that is, on the fundamental Prapérﬁ’ap
of “the real number system. Part.3 congludes with thé=§§{%1catlan -of the
techni.‘qué of _completing the dgua;é to the general gquadratig palyncmua.l o
= . ' - ‘

S oax” + bx + e,
More advanced toplcs are found in Part b, 1n;1ud1ng rational expressmn

i

& equr\ralr:n‘tr oaqufclrzfﬂr and ‘inequalities. The real number Pla;‘lér E‘rgp}la of llneg

™

‘equations and lanuali,l., , systéms of linear equations sniiineguglltiés; and
graphs of quadratic polynomials -are the topics of "daptérs'lﬂ;é} »
Chapter 2k providés an introduction to the important concept of funection. -
!EC}nly: real valued functions of & real variable are considered. The rate of
” progress through the pragrs.m will vary irom student to student, but we hope

that the better students will be able to C‘t}mpl!?‘té “the material on funetions. -

st Ccul se 1n Algfshg ThlE is

\
‘-‘ i

rg.
d e = 7 ’
"'ateriai_ha:z: been dv;velap from Eﬁrst Course, the Haag
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v T 7 B
RN ' , - .+ INTRODUCTION TO'PART 1 ' _ T
* (Chapters 1-5) _ R e .
© _ ' 'The point of view adopted by the suthors of this programed text is thgi

the‘Etudent of a first cpurse in s;gebra has had & greast deal of experience
with the techniques of a:',hmetie. He may or :E&
duction to the algebrai; structure undérlylng these technlquée 5 Therefore,
- (b we begin by_review%ﬁé the Dperatiang c§ addltlan and.multi%llzatlan for the
numbers of arithmétic (the norns negativg real numberg) and stating the prop--
erties of these operations in slgebraic laﬂguﬁ&é., No gttempt is made to prove
these praperties the generaliaggxbnﬂ are made from numer;cal examples which ~
are famlliar to the ﬂtudent. .
The first four chapterg may be thought of as the 1ntraduct1an or "pr@lcgué"

s

¥ : to the ccu:sé. In these chapters we intdbduce the languagé of algebra? The
- tldea of "set" plays an impartani role throughout this course, but we do not
- attempt to develop formal cqnéeptg_f%@m set theory.
A great deal of use is made of the "number line". !HETE we give a geometric

interpretation of the numbers Under consideration. 1In this part ve establish

a one-to-one ccrreapandence betweer the numbers of prithmetic and all p@ints

e ) i
: 1iné to the right of the number O, and the number - 0 itselfl. The
ﬁefiqed

condept of order.is derived from this correspordence, . "Less than" 1

F—

0 mean "to the left of" on the number line;

Although the opérations of subtraction and division are Iamlli o the

qqi student, we dc n?§>émph asize theze as szeparate. DpEfa%iDﬂS since we shall con-
ceg}raté on the d&velapment qf the real number fléld with the operations D%'

- addf ’
g At the end of this introduction is a summary of the properties df the

tion and multigllgatian. ’ . ! .

operations of addition apd multiplication fo¥ the numbers of arithmetiic. f
The figgl chapter of Part 1 zerves to 5tréﬂgthgﬁ the use of the tmathe-’

matical language developed, by concentrating on the mathematical intirprefatian
Ed

of verbal problems. : 4 S 3 - =

.

2 e
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Students

e
have had some experience wifh sets and the number 35111:3.; They may be.able to
.
Y

ie byt one empty cet, though it hac many deseriptions, A third

. usme of the symbol (¢} instead of @, - K
B ’ ' . s | M
N = 2 ; &

uned an oan illustrative and motivational

a
® B 3 ) P o am = g3
- quitiﬂ intuitive and infe L.
preceding section, mofe quk tions are ralsed than can be
* Present on the number line Implicitly are pointsg ¢
-
more than cnsunl re
time would be y distractilon.

-1 :
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N i We emphasize the fact that.coordinate iz the rumberswhich iz

with z polnt-on the line. careful not to confuse coordin-

. ate of a point with the paini ;tgéli if@én—sg "the=hpint 4" when!
we mean the point with coo a in keeping with the usual
1anguage of mathemstics. ‘ \‘ o~ v . .
- ) ™The dis’tiﬂct;@nxt’;‘ween n > of a numbE£ comes up here fior the
A&(‘ =
- ff
. i'f.\
T .. a 5 - N . o
that nEmbérs like D %* getc.j are gmupg the Tkl iéli;i 1t is also possible
) t@ ﬁa§ ?hat A ﬁumbei resented by a fraoction indi 'i;' guotient %f a
whu]@ number’ by a cuuntlng number is a rafional numh?f l - }
’ number s miy*also be line illustra-
; ‘ the name N "%" to nafe
2. The
s uumbers, %ﬁé that do not represept -
rationgl numbers;
‘-né’g, by this
) It is ngre:s
. -~
indicated quotient, ‘
of the*rational nub 1trnduc‘ed By "_d.éniity"
B of numbers we mean that between any two numbers is alwav:~>nnther and
hence thaot between nny two numbers ther
) sugpests that, on the our
another point, ond,
A]tgﬁugh it io ¢
1w, ete,, the di: al numbers is postponed until later in
Tthe course, .
| bor the time being, until Chuptar éj w&fihail concentrate on Bhé hon-
ntive reual numbersy 1hic set of nhmﬁérxj_inciuding O and 014 numbers
) which are coordinates of points to the right of O? we

ic, After we estol

rumbears of arith

these numbers (in Chapter 4y e

which ineludes the negative numbers (in Chop o). Then In Chapters 7, 4, 9

aned 10, we cpell out the propert 11l real numhe
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L]

the properties of

renl rumbers. The question, "What number

uztration of sublira

P
—
[t

tion on the number
"the nfmber ndded-to 5 iz 8";

|
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Chapter 2
oy - -
. ¢ NUMERALS AND VARTABLE v
In this chapter we begin to make precise the language of nlgebra that we :
5till-use throughout this course. Again, much of thiz may be familiar to somé
of the students and they might well go through this chapter very quickly. . -,
’ i :
2-1. HNumerals )
- i
The aim of this section is t ,Q‘brlng ﬁut the distinction betwebn num?é
themselves and the names for them ﬂﬂ% also to introduce the Rotion of o phrase.
Along the way, a ‘number of important conventions used in.algebra are pointed
- L by
ou <
isg
such as V2, do not have what we would wish at this time to ecal Gelini
: . L S - '
* name, while some may hdve several i‘,
- The idesaz of indica -

ﬁlarly‘in di'scu:
The Bgr reement abuut the prefer

m
made to facilitate the Wéfk with expressions and not a:

well as multiplicaticdn, for F-xampléj

g

or 2+ 3. We prefer to avoid these

|_n
]
2
2
&
v
kS

m

compared to ‘the use of punctuati

should be plared on theusze of parenthe

b
a
o]
o
&
ri'
an
\1:1
=
e
2]
=
e
Iy
s
e
—+
Tt
i}
£
ja
fu
e
o+
I
]
i+
pcy
D]
o
i
2
j
=
[
P
g
i
[

rase’ denote almast the

ion which involves

LTme
the common names of numbers.

- o numersal which involves

The idea vawTiting o= 2 as oo nentence may ceem odd, lHoweder

which happens to be foloe,

an important one and hecomes p

in Chapter 3.

and open sentences

—
-
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Although we do not define binary*operation explicitly--we do indicate that’
the operations of addition and multiplication. are binary operations. That is,

the sum of two numbers of arithmetic is a unique number of arithmetic and the

- . ~ _ *x . . .
product- of two numbers of arithmetic is a unique number of arithmetic. From

this we infer thét closure of the set of whole numbers

will ﬂiFD imply uniquyeness of sum and product.

We shall return to the prnpertie; in Chapter h

using variable; Wili‘be given. They are discussed here no

ot
oy
m
o
Lo
[l -
Ly
i
‘El

1 meth tbut becausze the dis trlbuthF property

of miltiplication

ovVer

this the

8
ot
[
[pd
ot
AN
i
jan
o]

cases in which tlie sentences are true, is.to have the student recog

truth, not because both sides can be reduced to the -same common ,name, ®ut

2-L. Variables

The word "variable" has many connotations in mathéﬁa@icg and is, indeed,
d

m
4y
[
pav
T
e
[ix]
[
o+
(=
oy
iy
=
i
T
&
I
bl
i
-
™
o+
M
L
e
H
m
I!TJ
]
o+
it
5
o
I
el
[
I
.
I
<

a difficult word to d
number from a given =zet of numbers. Thus, in the problem used to introduce
P

the terny "varigble", the varilsble a number from the set

{1, .4, 100]. In other prgblemsz, the vari le ma ~epresent an unspecified

number of arithmetic or an unspecified whgle number. The important idea here

is that the variable algays I or "n" or
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Now thet we huvé formall
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'-grithmetic by attaching,

< INTROIUCTION TO PART 2

o . S - .
.~ (Chapters 6=-11) : L //

c 5 =

i Hsfiﬁgv“setzthe stage" by a rather careful gtudy of the non-negative real

numberg,;dzawing heavily on previauf knawledge of arithmetic, -We are now reaﬂ& '

to examine the set of real numbers. Our pracedure ds to examine thE.negative
half of the number liné. We give names to’ the,paints to the left of zero.

i R .
Our ‘point “of view is that e extend the already familiar set of numbers of

ing Zet ig the set @f re

negat%gé_rgal.numbérs are the ﬁumbers of arithmEtlgg When the operaticns of

"addition and multiplication are defined, we neéed not prove that the familiar

‘Eprapértieu held for thF non-negative real numbers. . In fact, we motivate,our .

definiiians by’paiﬂting out that, theue Gperatians in the set af real numbgrs

»-mugt yvield results fo he HDH—nFQEﬁlVE real numbers-which are cangtaﬁt w1th

our: Eaflﬁafzexperiéncé. T .
w. 7 A
After lntrgduLlng thégnegéiive mumEETa we define aﬁditl@n, multipllcati@n,

and Grdér %n the next haptérk, At _the end of Fhaptér 10, we "take - stcck" of"

xvaur dévelopment to’ thEﬁa ptjlnt In Chapter 11 we once again,' Extend" our know-

-
ledge by deflnlng gubtrag,La' -and division in a manner analogous ta the i

definition in arithmetic.

o aﬂj@ining, the set of ﬂégatiVé numbers. The result-

Sy
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' WﬂﬂtgthE student to see an irrational number Buch as V2 or =«

, -
- . ’ [ . . ) A i
. Chapter 6 .
. ' THE REAL NUMBERS E
. _ - .
‘ . T
6-1. @Qﬁvﬁeal Number E%Qg ,f

: L , .
We introduce the negative numbers in much the same way that we labeled the
points on the right side of the mumber 1iﬂe; which cmrrespand to the .numbers Bf’

, &rifhmetic. Our nctatinn for negativa Yfour, for example, is L4, and we

definitely intend that the dash "~ " be written in a TEiSE&IPSSitiGﬂ. At
%his stage, we d@ ﬁaﬁgvant the student to think that samefhing has been done -

- to thé number 4 to get the number 4, but rather thgt "L 415 a name of

the number wﬁich is assigned to the point 4 units to.the left of 0 on the
Tumber line, In other words, the raised dash is not the'symbcl of an operation,
but only an ident;fying mark, for numbers to’ the left of zero.

In Section 6-3; the etudEnt will be able to think of "4 as the mumber
obtained from L by ag,aparatlan galled "taking the GPP@sité“g Thé?“g%pQgite
of 4" will bé‘symb@;izeﬂ-as =L, the dash being written in a centered

position, and - -4 will turn out to be a more convenient name for "L

Since esach number of arithmetic has many names, éa:ﬂaes each negative

number. For example, the number “7 has the names - *
- © .3+2 56 ’
‘ 2T x 1), (3787~ x %), ete.

Once the negative numbers have been introduced, we have the objects with

which the student will be principally concerned throughout the next four years

of his mBithematics education. It is much too cumbersome to have to refer to

'JV]

"the numbers which PurrEFPQnd to all the p@lnt* on the number line" or to "the

numbers-of arithmetie and their neg:® ves", and so we use the customary name;

the real numbers. No special significance should be attached to the word
f this Sétgif numbers. B

We do not wish to’'digress too st into. 1rritiunal numbers. The proof that

"real"”, It is simply the name of

I

¥2' is not rational wilj, be given in Chapter 15. In "the meantimesﬁi simply
BT
and to be told

) that there are mony more. We hope that he comes to realize that /2 s a
number between 1 and 2, between 1.4 and 1.5, between 1.4l and 1.k2,

between 1.414 and 1.415, and so on.

ooty
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< 6-2. Order’on the Repl Number Line

. ferent numbers they can be ordered so that one 1s less than the @ther. When

“‘name the same number. Hence, the name "trichotomy". .

e . - T ’ ’ ) >,

e E - . ) R ,

s

e A S Y 1 Mo o Al ,
A more ‘f_gtailed treatment of "is less than™ as an DI‘CiEiI‘l relation ;s prge
nted in Chepter 10. At this point we simply wish to rely or the intuitive -

geometric interpretatian éf "ig less-than" as "iE to the left of Dnjthe'number

r-lin&'- Thus, the cancept of order is extended from our use of this concept in

Chapter 3 for the numbers of arithmetie.
WéiintlﬂducE the comparison and transitive properties at this point. ThéE

“ @,

praperties_ Qauld heve been stated for the numbers of arithmetit at an earlier

stage. L= T ’ o . .

The . eamparisan property here, given 15 aift: talled the 'E;ji tomy Prcpgty

g LE

‘of order. Notice that it is a praperty -f < ; that is, given any two dif- .= ,

the gra‘per‘ty is stated we must ineclude the third possibility that the numerals

* Although "a < b" ‘cl "b = a" invdlve different

o
o
L]
i
=
by}
"
e
o
I
]
I
i
n
e
o
b
pu
e
i
o

say exactly the same tﬁing;' about the numbers a and b. Thus, we can state a i

=" oam:

trichotomy property of order involving

Ii‘;, instead of concentrating attention on the order re

=
o

24
e

g
trate on two different numbers, then either "a < b" or "a >0b" is true,

T h and

s reasconable and innocent uppenring conclusion turns out to E

m
£
=
T
o
'
M

be one ol the moul useful criteris o determining thut iwo variabl
game value! TIn muy lnstonees in the caleulun,. for example, one is able to
show by onc argument that o = b woul by another that b = s, He 1s then able

to econelude that o L. Given two numerddn, it ig usuadly tr; inl to check

whether or not they name the come number.  In the chse of two numbers, of

o informlion, Tt lo-enly when our information about

we hnve

two "numernls" io i oamplete that oo etntement Jike, "I a < b oand b o< oa

3

I,

then "o h"j L Ut s oo Lo, . . "

29 -
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The tranaltive prgperty mey prove useful, but:t

. feel free to use all of hfs avallable methods of attack;
6-3. Opposites _>?= ! - .

We now paint Gut that, éxcept for G
the two
Wescall
be its own qppbsite.

— HE&lé,

each number in such a pair the g

osite of the ‘other.

in Items 87-95 the student is asked to campar ckrt air n Palrs of

. .

regi

™

the real nuﬁ%grs occur g pairs,

*
numbera of each pair being equivalent from D on the- rea; ‘fidiber line.
D is defiﬁed to

hserved that éach negative number is alg@ fhé §%§351te of a pesi- -

tive number‘ ;t is apparent that we have no. ﬂEEd fnr twﬁ sytbplisms to dEﬁate

the negative numbers.

" for real. numbErs while the upper dash "~ " has

the left of zerﬂ,'ﬂ& naturally retain the lower dash.

important regsgzs for dropping the upper dash in favor of the lower:
s with the upper dai;
Heneeforth, then,

care mist be EXETEigEd in denoting negative

with the lgver, the lower dash is universally used, ete.

‘negative numbers like

Notice that

Thus, we read

rather, say,

of

=

m

W
3
i
o+
o
m
o

e

ol
ol
I
it
o
m
[o]
=

P

m |

“\7 Dppésité the dpposite of
‘ The
Jeans of

findrthé

m“

change its sign’.

to the positive numbers).

ached a "sign"

- to retain the word

then

If x 1is a positive number,

of uny negative number x 1o

student schould not Jjump to the conclunic

t = v";‘ ky . - 3. = ‘,, H L R
v=n i85 negative; this 1 true only vhen n 1o pozitive.
i1=}‘:i|

We do not like to read "neputive 1"

- 5 14 . 5
reand %

be posifive.. Uome teacher:
! L C - i . caa 0 ) Sd e ot s
the "nepative of " 1o synonymous with "the oppouite of x",

= ) L .
rending =¥

Vol Ymirue %

A

We.

- 30
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will be written -5, -

o]
i
[kl
g
=

aware that the lower dash - iz read

5o oreal

L omiy,

Since the lower daah MaMis aPpllcablE to amll numerals.
significance only for points to
There arewother less

Fbre

than

L

a1

"opposite @f 5

A

i

| e

m
]

=
o

\Eﬂ i

o

ck m I

=

1]

P

number, then

in faet

in this

Tiusg the -



6=l Abﬁ:lute Value*" -

e iThE cdnegpt Ef the absalute value of g number is one -of the mﬂat useful -
iieaé‘iﬂ mathematics. We will find an immediate applicatign of absalute value 7

' wa;én we define addition and-multiplication of real numbers in Chapters 7 and 8,

+ In Chapter 10 it is used 4o defime digtante hethEﬁ points; in Chsﬁter 15 we ,
define Jgé |x‘ in Chapter-19 it will pravide good examples- of equatiéns{r

i

golved by Equ&’t‘ing b;:rth sides. Thr@ughjchapters 20 to 23 absplute va%}l,es 5;-2
involved in ppen sentences in twpivariahi&s and in Chapter 24 _3 {ves us

interesting exsmples of functions. In later mathematid&g

[
=]

o
u
]
E
= E
1

Ll
pu
.
=]
H
s
b
:
s
[a
5]
o
g
3
s
ot
ol

o*
=
1
et
&
o
Hh
-
o
2
=
rdr
v
1
[
W

indispenfsble. : i : B
. e We do-not expéct complete mastery of absolute value at this point. By the
“time the course is campléted the studént should be thoroughly familiar vith
the chcEpt )
The usual defirition of the ab;éluté value of the real number n 1is that
}/ it 1c the number |n| for which A o

s
K

B = -n = R .

n, if n<0. ,

This is also thé%farm in which the absolute value is most commonly used. On

the other haﬂd;_siﬂCE studentz zeem to have diffieplty with definitions of this
kind, we prefer to define the absolute value of a number in such a way that it
‘can be clearly pictured on the numher line, We avoid allowing the studeht to
think of absolute value as the number obtained by "dropping thé sign". This
" way of thinking about absolute value, although 1t sppears to give the correct

"answer" when applied to specific numbers such as -3 or 3, leads to no end
of trouble when variables are jinvolved. Other less common names,for absolute

2

value are numerical value, maeghitude, and modulus..

By observing that this "greater" of a number and its opposite is Just the

distance between the number and O on the real number 1iné; we are able to /

.. . interpret the absolute value "geometrieally".
6-5. Summary and Review
.
/
[.
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< N =34 *
R L - Chapter 7 :
3 - = . L . - L3 : - L
2T e . © . PROPERTIES OF ADDITION -
7-1. Addition of Real Numbers t T ;

3

Haﬁing extended .our et of numberg ta ;n;lude the negatlve numbers, ‘we are

addition and multlpllcatian in the Eét Gf real ﬁumb ers, > v

‘ it of v, it wauld be simpler te introduce multlplicati n of
real numbers before addition.. The definit;an,!% multiplication is simpler in
% . . » terms of fgmilisr‘gperatlansg,sDn the other, hand, we have chosen.to 4.

2ddition first because we need the addition praperty.@f_appasitéé in motivating

v ‘the product of two negative numbers. . .o -
N VR . © We firstigrgsent an intuitively gi?gle éx4mp1§ (thé prafits and losses of
e an lce.cream veniar) which suggests how addition should be defined. We use the
number ‘line to illustrate how to @btn;n gums of real nymbers, hinting at “the )
formal defTinitions. Other e%an:ies hint at .the pr@pefties of addition which
. are vaan to be developed,® ’ . . '
7-2. Definitign of Kaa_iti‘@n ' : -

% We review case-by-c 1 numbers on the numbBer line and

i
we lead the student to

should be noted. We do not wish students to memorize the

developed here

ot
e
las
L
m

zomewhat awkward bu

definition. The Tormal statement i3

to emphasize thit in order to add twd. resd numbers, what is needed is knowledge

of: * .

1. How toradd in arithmetic. S

2. g from U in srithmetie if' o =< b.

3. How to Tind the opposite.- -1 number,

4, How to find the s <) I‘E';g;[ number,

' ™
T=3. CAddition
The student chould be fware thot our definition of wddition stems from our

ntuitive feeling chown 1o workling with the number line.

i lncludes the fomiliar anddition of' numbers

5
He should alszo
of ;ﬂ;thmetic'nz

GDincelwe huve

Twmbers

',}
¢
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We uge éﬁa@lés to make the statements of the commtatiy€ and asséciaﬁive

properties reast:n&ble. It i then aéserted in the text that these properties
Eauld be prcved fram Dﬁr dEfinitiQn of aﬂditlan of réal,numbera and familiar

yrﬁpertiég of the numbers of srlthmetic:. The proof of the assamative pr@perty

requires the. consideration of many cases and the pr@gfa of eertain of the cases r
;ve ideas about subtraction which we h,ave chasen nattp develop at this
point. The proof of the commutative property of aﬂiitic;zji is givén here.’
To show that-a + b =D+ a for all real ‘numbers é a.nd bé L
*. - b+ a because they are numbers
e of arithmetic.
. .- If a<O0 and b<0, a+b=-(|a] +|b])
b+ a=-(|o] + |a])
But -}a| and |b| are numbers of arithmetic,
so [al,+ [0 = [o] + [al.
Therefore, a + b = b.+ a.
If a>0"and b<0, a+bs= (la| - |b|)} it “la| > |v]
bra= (lal - ol
. a+b;§(|bl'|a|)} if [b| > |al.
.. +a=-(|o| - |af).
In either case a+ b = b + &, since opposites of
equals are equal.
If a<O and b >0, a+b= (|al - lbl)} it lal > ||
. - bh+oa= (|g|=|b|) A s
A I
\ It S N E
b+a= (o] - [af) -
- ' : - In Plthaztcéé a + bimd b + a name the same number.
‘A careful examination will zhow that we have considered e%éry T .
B A .
poccible case, and every time we found -
2+ b =h + a.
Therefore, this is frue for all renl numbers a and b.

O
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Wé ‘next consider a préperty af‘additian of real numbers whizh is not

analogous to propertiegof additian af numbers of a:LtEmetig.

A

This is the

additién praperty of opposites.
TbAsth that if a 1is a real number then a + (- a) = 0, we consider
three cases: - )
il ¥
If a=0, then -a =0 and the fesult is obvious. ’
. If.a>0, then -a<O0 and |a| = |-a|. Hence, we epply
S part 3(a) of our definition of addition: a + (-a) = lal =" |-a| = 0.
T . If a<O0, then -a>0 and |af = |-a|. Hence; we apply
: _ part L(a) of our dEfl iition: a + (-a) = |-a| - |a| = 0.
i, Fhe last idea dgvelaped in this section the additiansgﬂaperty of O
‘ ’ For every real number a, a.+0=a and O+ a.= a. 3
?fgpfs If a >0, the result follows from the similar property of
" numbers of arithmetic:
3 ! " If a<0, then |a] >{0| and part.¥(b) of the definition
- of eddition yields a +0 = -(|a| - |0}) = -|a|] = a. ' -
* 0+ a = a "follows from the commtative property of addition.’
,  7-W. Addition and Equality ’ .
J . If a-b- is true, we simply mean that a and b;‘éfé names for the same
- real number. a + ¢ names a unique real number, hence, . b + ¢ | is gimply”r
b . . : - Lz
ancther name™¥ér .a +'e. This,is a Tormulation of the traditicnal "if equals
: are added to equals, the = Since we traug frequent ocgasion to

use this genernlization,
The student should not conclude that this is a fundamental property of addition
suclr as the commutative property. It'iz, as i,s been pointed out, a consequence

‘ _‘ of the uniquene

The lmL]t‘jr portion of the section. 1* devote

-

o glmple equ uations.  We introduce n slightly different t language: "Determine the

7 truth set", "determine the soTution set", and "solve" all mean the game thing.
By o "solutipn" of :ui oupen szentence we memn o member of its truth set.

We show the use o1 the virious properties in solving equations, replacing
one open zentence with rnother until we obtnin a sentence whose truth set is
obvious, Until the idea of the egquivilence 1s well understood, we wish the
student to be cureful to strens thi=z by pointing out tﬁat

h - "It ... i true for come x, _
then ... 13 true for tﬁé same  x", ete,
. el J ’
. -
34 :

+ Ei

O
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e--the addition property ‘of equality.

and, the meaning of

Cu

finding truth sets
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e

¥ Ca.ra:ﬁal, mil arg@izei uﬁrk is emphssized g.mi the 1@311:5:122 of checking is

: f made elae.ri In Gh@‘ﬁer 9 and again in Chapter 19 we. gresent a thorough treat-

O
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: -
I\‘E*‘

- . . . B T
s -, Thme second of these is often called the cancellatlon property of addition.

ment of "equivgent Asentem:es .
. - w o '
! 'Arid;tive In\re:se ' .

,-III this section we presemt our first formal proof. - The theorém that we

have chosen to prove iz a gimple t:ne—-that the additive inverse of a real ) -
Eumbér is unique. We try to explain, in “the progrgm, pur attitude tmrgrdﬁ ) !
“proof" at this stage of the student's m&théfﬂlﬁ.ﬁi‘ééi ‘braini’ng. The viewpnin‘l:
Ly
everything we saf--we cannot at this stage--but that we are trying te give the
stuclents a li‘l:tle ekperience, within their ability, with the kind of sthinking
we call "proof". We don't wish' to make,a big issue of the idea of pragf at

abgut proofs in this course ;,s not that we are trylng to prove rigarau;.

this point and we don?t expect all stidénts tﬁ understand the EDﬁCEP't “the fir
time 1t is discusséd. We hope that by the end of the year thes \gtﬂdent will R |

. have some feeling for tleductive rez.sanlng, better idea of the mature of mg:the—

(1) -(a+1b) i;:ﬁfa!a)_%% (-ﬂ:) : ' o e

(E)If— a+c =D ¢, then a =b.

i

‘We o not uge this term;m:lcgy. . (Bee glsa these Notes, Section 9=;.) ’
In proving thégé theorems, the jtudent g:ﬁ.ﬂE more experléﬁce in develuping.

. broof and at the same time 1s shown an immediate usg of the theorem previously

proved.

-7-6. gum:ms.ry ii%%ei’riei Problems ) .

29
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L T oo ﬁiaptega \ . ;-,i_'i:-i '
£ PRDPE?TIES OF- HJL'I‘I?ELICATIDN .
" - . o : L ¥

B-1. Multiplication of Real Numbers

Ag.aith addition of real numbers, we wish to lead the student ko the defi-
wition of mu_ltiplica’tian of real numbers. We start with an;éiam’ple, ags:l’n
invalving profit and lags which perhaps ?raviﬂés some clue. VWE then build
towards the formal dEIlnlthﬂ uging the student’e kncwledge éf ﬁultiplieatian

: in arithmetic,: It is pointed out that since the get of numbers of arithmﬁtic
is a wubset of the real numbers, our ﬂefinitian of multiplication of real
numbers must give the familiar reeults when appliéi to the nﬁmhars of arith-.'
‘metic. We stress that the definition should preserve, for the real numbers,
thoge .prapertiEf' of miltiplication which hold fcr the mumbérs ¢f arithmetic.

b . How we use these ideas to. motivate and to develop the definition of mul—
tiplication may be seen in the "program. In order to apply -the definition of
the product of two real numbers* a and b, the student needs to know (1) how.

to multiply two numbers of arithmetic (|a]. =ana |b|); and (2) how to décide
whether the product is HEgitiVE or non- ﬂé?ﬂthE. e
i ' Section B-1 concludes-with the theorem that |ab] = |a|-|[b|. This result ?
is éssential for the proofs of Sections 5—; and 8-3. - ’ '
ﬁé. . : ‘ e _ .-
; 8-2. 'The Commutative Property and the Miltiplication Properties of ’; §£§; [

Having developed the definition of muitlplicaticn of real numbers from the

‘point of view that we wish certain pr@pértlea to be true, we now verify that,

a

»1in fact, they are true.

We helieve that most students will be able to understand the proofs of

this-section. FPage 280 contains a statement of our attitude toward "proof"

%

The partisl proof of the agsociative property pres ented here

dirficult wnd wes liywv¥ indicnted that the student may omit it. The pre

al[blle| = |a(be)|. This result is proved

baced on the fact thut |(ab)e]
in ITtems 7-1k, - . ‘5
We present two proofs of (-1)a . -a. The proof on page 293 is Gptlénal!

After we :diseuss the distributive Pr@@érty, an alternate proof is given.

ERIC
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T

v

- ljﬂgtice'thaﬁ we do not give a proof of the distribuiive property., In

-B-L. Use of the Multiplication P?ppertiés

order to construct a proof we would have to consider many cases. In additionm,
we would have topse a fact which we have not diacussed!ein the get of numbers
of arithmgtic,_multiplicaticn is dlﬂtrlﬁutive over Euhtractimn. '

.

— e — .

This section provides practice in some of the necessary techniques of

-algebra. We wish to give sufficient practice, but ve wish also tD kéep the

técﬁniques closely asfaclﬁteﬂ with the ideas on whi:h they depenﬂ; Ve’ have to
ialk a narrow path hetweens on the one hand becoming entirely meEhanical anﬁ
lasing sight of-the ideas and, on the other hand, dwglling on the_ideas to the
extent that the student ‘becomes slow and. clumsy in the algebraic manipulatimn.

We hope the student unﬁerftands that manipulation must be baseg on understanding.
The'right to skip steﬁé and to compute without giving reasons mist be earne&%by
FirEt 4ﬂiastgriqg the ideas which lie behind and give meaning to the manipulation.

A A . ,

3 i"” . " a9 - =

8-5. Summary and Review .
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:  MULTIPLICATIVE INVERSE
- F A - ! ;
9-1. ‘Multiplicative Inverse - .
We fi:st prove that every NOn-ZeTro IEE; number has a multipli ative in-
,i‘s versé The student already knows that Every ng1t1VE real number (a non-zero
number af arithmetic) has a muitipliégtive inverse. Hence, it is only necessary
" to prove thst eyery negative numbe: has. ‘a mltiplicative inverse. The proof
. dep nds . . , -
. l (a) the definition of miltiplicative inverse.

(b) the defirfition of opposite.

e - (c) Theorem 9-1: *If a and b are positive real numbers and if-: .

Thg%:em 9=1 48767 course, a consequence of the definition of multipliea—

tion of r%ai numbers,

[e]

i
]
T
[l

Lo
S‘,
b
AT

o

We mext consider the real number .0 and prove that. 0

1]
L
=y
[l
el
B
=

\mulE%pliéatiVE inversei{ This f@ii@ws from the fact that O-b

li

1]

e
.~ real numbers b, so that there cannot be a real nurmber b such that O:b
‘- The multiplicAtion .property of equality, which is useful in finding truth

- sets, is gtated. This pr ,gé ty, thdt if a =%, then ac = be, is an immed-

onseguence of the meaning of " =" and the uniqueness of the product of
o two real rumbers. Refer to the discuszion of Section 7-2 on the addition prop-

erty of equality. - — ; : ‘%?
. ection 9-1 concludes with the proof that the multiplicative inverse of u '
(

-

nom=%

E”'!

erd réal number is uniquﬁ! The proof iz mnalogous to the proof

Section 6-5) that the additive inversec is unique.

.

Just os "geposite™ . is

21

o the multi-

‘|\ Y]

iz used for the reciprocs] ot o / O). vinee the reciprocnl

tho reoults " Uection el omay be restoted oo

(2) ‘he reciprocil ol & nub-sero real numver is uninue,

I
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. several useful resul-ts '  f -
. ¥ s B .
L L1 1 ! e
- — = = = = -
N (N = =~ (a #0) )
- = ". - z
1 ] -
(¥) 5 = ! (a # 0)
a ,
. %
oy 18 1 1. - gy ,
] 5) 2-3=% (e_;!lc_) and b £ 0)

Pi'qb;f‘s of these are quite simpie.‘ They 'depend oq ‘the uniqueness of the
reciprocal. Perhaps the student will verbalize these rgsults:* "The regipracsl
of the opposite of a number is the opposite of its reciprocal", "The reciprocal:

iiaf"';t.hg récitrc:c'&l* of a rumber {5 the number itself", "The product of the recip-
roca}s of two numbers is the reciprocal of thg.pro ﬂuct of the two numbers".
' “ The nost 1mpartant theaﬁa t this secticn iz on page 325 dThE g.racnf‘ is
 in Ttems 79-8k, : - -
w Ty . , . )
For real numbers a and b, : .
;g ' if ab - 0, then @ =0 or b= O.
i . _ . . -
From the multiplicatien prgpperty of O it follows 1mm§ﬂlately that: .
' ) FBr real numbers la and . b,
. - Jif mn=0'or b =0, then ab = Q.
s 2 : . :
. i b = 0.-
. .y "if and only if"-is pro-
* vided. The important. 1(1&5'1‘ he ere an’ and only if" theorem,
there ore two things to be prof
It em IO) thfLLIF‘ng the rems:
¥ . . - + ff. )
If u, b,-c, ore real numbers, ‘and
it ae - be and e # 0, then a = b,

- "This theorem 15 often rulled the o

" We do not introduce thic nmpe bécilice

of "cancellation". ! =
- A [P “$
.
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.- >i_ ;~‘ It is of interést to note' that the cancéllatian propertyof multiplication
© ... 1s equivalént to thé“theorem "if sb = O, then a =0 or b'= 0", That 1s, 7.
! " each may be proved using the other. _%V oo
’ Assuming the cancellation property, we would argue as fgnivﬁ in order to
prove: 1f ab =0, then a=0 or b = 0,
- Suppose &b = O. Either b =0 ¢r b# 0. If b= o0,
i there is nothing more prove, so assume b £ O
«" Then, ab= 0‘b since O0:b = O. .
We have & = cancellation property, since b % @i

The proof of the ﬁangeilatiaﬂ

.V’tipl cation by the recipfucal af a

property given in

non-zero real number

the Answer KEy U§EE muls.
since we are dealiﬁg

with r EELPTDEEJ at thla point. Here isc an alternate proof:
1 Suppose ac = be . and ¢ £ O,
o - Then ac + (-be) = 0 addition property of equality
o (g + (éb)>c = 0 distributive property
- - Therefore, a + (-b) = 0, since e £o0 ’
L4 o a s .
o a = -{-b) uniqueness of additive anergé
a = b. ’
- ,Notice that the Egnféllat on property may be stated as follows: If
ac = be, then a =% or e - 0. It is in this form that the result is re-
stated in Chapter 19 and used in finding golutions of equations.
9-8. Solution of Equationc 'E
To this point we have only-heeu :lile td solve equations of the fmrm
X +b=c using the addition property of Equality. In this section, using the
: miltiplication property of equality, we are able to solve equations of the
form ax = ¢ (a #0) and ax +b'=c (a /0,
It should be pointed out that we encournge the student to consider alter-

cedures

N lead to more avkward oo

! practice that the student lerrn
' Lx N2 3

-+ = - =

O
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eeling about the order of two real numbers
is section, we shift our point of
mathematical subject, an order relatior

by the properties we assign to it:

true that "o

10-2. TFurther Properties of Order

a = then

pd . -

worem Lo

(

milt

]

in te

rms of the number line.,

in various situstionsz, 7 -

i o positive number y such

Corder and 1o

xtencively In Seeflion 10-4 and Iater

E
kel
]

L]

=3 = x from the miltiplication property of

Interpret this conelusion in the

Tor example, we uuy

in the

AT .

ol aeetions

tram one order

E
in the equivalent inegunlity

Ttode usunwl 1y’




OWIl Tl

the approteh w ! : R
S I deductive

itionally,

HEIDEOVED , 1

=38

3 dd
The mi i'uucgqmentu_l

el oo,
ol rational

|
1o
L waye,

prTe
Lir ool
f'ivet define

b Lo

RIEREE

13116
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an "upper

mamber such that

.
- ES
Completen (SO far which
there is an upper bound, the:n w lenst upper bound
for &.
pletenesds axlom -incures the
., .also of real ‘ﬁgmbers such
encounter In later cournen.
h
real numbe thal pleo
roots. We will retu tiu
-2,
- A
)
-
Ny
3
. .
R}
¥
. ¥
. .

O
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Chiapter 11

;o ) , - EUBTRACTION AND DIVICION

nection with the meterind follows the definitﬁqn;

con
Tf we start with two real numbers o uand b, then the egquation b+ n = 4

has o uninue solution; namely, & + (-h). Our definition ncserts thot b+n =a

o
]

bosl
o

and 4 n ure equivalent. That iz, a - D

rel

“that the student will contuse the

"o pymbol 'n foet, he will find it easier to write 4 -

" ognd 2", Yo do not need the wora, and sifice i

panding (in such things as "getting

ot hee caused conglderable lack

lute vilue of w number by taking oft ite sipn") we prefer not to use it,

A related point that we ghould mentlion 1s thut we do nol write 5 for
t

o s of orithme

ern are the numb

the

thereronre do not need a new symbol for them. Thuo, we write 5, not +5,7 and

the cymbol  "4"  is used only to indivate nddition.

in terms o addition of real numbers,

nn ol rend

The resson tor thic seeming inecong

toursa, sished to build on the studenttz

ductive developmen®

W we e s

of

on the broi: propertic

1o not Ao ntilly distinet operation,

vent ionn! method ot denl ing with

st develosped in thi:

number cyotemn but
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1-3. Subtraction and Distance % \ L !

The relation between the difference of two numbers znd the distance

between their points on the number line iz introduced here to make good uze

again of the number line to help illusztrate Ddf ide

n!}i - 3| = 5h,

Students moy have difficulty in solving inequal

student to resson az is a solution

L

Another source of difficult

for the student is learning to interpret
x

3 and =L,

|% + 4| as the distance between

We treat inequalities involving absolute value again in Chapter 29.

11-4, TAwvision

P

OQur treatment of division iz parallel to our treatment of subtraction.

The definition of division lends to the ctatement that, if D
1 .

e,
iz

-
o
juca
1
fad

1] > ii R i .
=" and i

o) b
cation in much the came way as subtraction is related to addition. The usual

" nrme the some number. © Division is related to multipli-

materist on fractions iz found in Chapfer 1%, The divizion algorithm for

integers iz dis in Chapter 13,

11-%. tummary and

]



-

Pt the ctudy of Tho pocitive
a1l in the

of intuitive

a =%
T
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- a 4} . s .
. !
' Chapt 1z
FACTORE AND DIVISIBILITY
!
. Baslc to the material nre stated ;
without proof,
The first of these is
; “that a positive integer greater than 1
as a product of primes in e=s
The second major th&mrem which we Wlil need is the
-1
If n and d are positive integer then there exist i
quotient) and r (thé remdlnder) such jthat
n=gqd+r O=r<4d
In order to prove these theorems we would need to develop more completely
.
> let us emph that although the material of Chapter 12 is interesting

and valuable for its own sake, our primary concerns are:

which turn out to be ans

polynomials.

Studentsz who have

start with many of the i

students,

5l

n thiz material than other

[}

The positive inteper m i o Inetor of the po n
if there iz a positive integer o zuch thot mag = n.
If m is 1, +then g n, irfr 1 . If
m iz not 1 or n, then tom iz fi.
= ¥
Lz #
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thing especially interesting

6 enn bhe

1 az the

definition of prime, “mumber 1

[ - —_ AT A e
cquestion thiz. They should be reminded that

would all be disztd

You may have students who wish

there is no reason why they

cessfully. GLome Studéﬁts will ha
in the 7th or 8th grade,

D]

using

v

o]
ol
o]

netoricsntion of an

and 12. The same prime f:

In factoring intege

o important theorem

Theorem, 'in other wo: urnde

about integers b which we uo

You studernt Lo feel et the FPundamental

e 1 whieh tF

miltiplication in

ical to accept T an '[‘:1‘15.! &

s

two BVER mumbers,

o e

bk
Urijque
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Some’ Facts About Factors

Note the indirect proof used in Theorem 12-4b. For all stud

factorizations of integers will be a good basis for

£
capable studentsz should be made aware that the results in this section

help them find interesting shortcuts when they are factoring

[

nts, work



FRACTIOND .

sbhout fractions. However,

etween o number (

nee to thic bad 2 5

mgerator snd

ract eontain
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. 1s wrong, but he should be required

You sh@uid recall that in the students! first experiences with fractions,
i t

in the elem he saw

1.2
as 7 ; = eto,
course with about the non-negative rational numbers. We
assume that t already that if a, b, and k are pgsitivé integer
then % = %% is true. He may be well awire that the statement is true
numbers of arithmetic (if b £ 0 and k # 0). The importance of the result

stated above 1s that we extend the known pitf?rn showing that 1t applied when-

o
ever a,‘b} k are any real numbers and b £ O and k £ 0,

certain numbers iz applicable for all real numbers (besring in mind the.peed to

avold denominators which are 0).

The- same comments apply to the other theorems of this chapter
. ak , .
In applylng the theorem that %? = %, it is natural to use the language
of "common factor" developed in Chapter 12. Thus, in simplifying 5§3 we may
E ] ™"

call x a "common factor". In Chapter

sions _LILV&“l]Ulngg o varisble. However, we use

the language of whenever it i:s helpful.
We have avoided the word "cancel" becruse it is oftén uséd without under-

al=} tlui word _ghmuld riot be told it

o
it
g
L
s
8]

m
[

to explain the process he is ue i:? in Sther

words to be sure he understands it.

. [
Three methods of areé -given, . In order to -

we may write: Ly o

The studént' should understand all three methods.  He may wish to use o

to selact tPor each ifablem the

’1!1@?!5 methio] fnoull 2, o he may prefer

method that freens simplest o

h:(
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We wish ta apply the prime factorization of integers to the problem of

f3nding the least common multiple of jthe-denominators. We do not want blind

by

adherence to the method developed, howe

v
way of approsching the prob)

er) but we do want to give the student
1 le, if the <tudent wvere

lem, For exam

e

2

= + = , the least common denominator can be quickly

the student zhould de it thisz s If, however,:

he is asked it may net be ezsy to determine the least common
denominator t

#

mmon denominater is 5-3:19.

b

It iz good technique, both here and in later work on factoring, to leave

exprensions in Factored form ms long as possible. Tf this 14 done, simplifying

1z made eanler.

1=, Summary




O

ERIC

Aruitoxt provided by Eic:

Chapter 14

e "

/

-1, iﬁtchigc'pian to Exponents

45 praﬂngt'ég which & 18 used as a factor n times, The statement, "a 1s

Tmultiplied by iteelf n times" is not precise and.ought to be avoided,

(Notice, for example, that a° = a - a, vhé#reas "a multiplied by itself
1 P

twice would mean (a - a) - a.) Notice that we also define a &s a..

T

14-2. Positive Integers EE-EqunggEs ; ,

In this section we derive the rules for working with positive integer -
We

gxpangﬂigg- That is, we show that for such exporients a® . &P = g7 ¥ B,

;;ElEé show that

s
]
=]
LT
b
[}
[
L]

t3

then

ma mﬂ|ma

1
]
]
I
e

if m = n, “then

1
n-m "
a a

o L

{ . if m<n, then

Students ‘should not use these rules mechaﬁiééllyi They may prefer, for
. 7 . ”
. S o . X e e e emd e 7 I |
example, to simplify "~ by remembering the meani of x and x°. On the
ple, mplily 3 y ng ; ning
other
thelr general form, since.they will be extended in the sections that follow.

lhéjg' Non-FPositive Integers as Exponents - 3

as -n .
In this section we define & , where n is a

af0 a . Thus, a -3 We also define &% as 1 1if a £ O.

positive integer and

[

[
[ H
"

o a
Negative exponents will be us

Otudents are salso likely to need them in connection

sed in the next chapter in connection with ~
\

finding square roots.
with "scientific notation" for writing .numbers.

Students «should inderstang that if we have defined a" only for values
of n which are positive integers, we are still free to assign any meaning we

- O =] . .
like to the symbels &, a 1; etc, We do not prove that a

-/ . ,
for exampie. We simply show thut if we define as 1 (if a £ 0); ‘then

Lo

must be 1,

hay
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. m ' ’ .
‘W& CcAEn BAY ggis'g *. Our wish to have this statement true motivates the
a ' -

.definition. The logic here is analogous to that of our ﬂiscuséian;in Chapters

6 and 7, of the definition of & +b and ab, where a and b are real -

nugi;rs; : ‘ 7
"W The student should understand that when we have defined & for positive

m n m+I
&

b
ol
1]

m
=X

T
=]

‘ . =n: 1
] L - E.iiﬁi

&a

For example;* a" + a” was proved (Seetion 14-2) for positive integer '
velues of m and n. The student sﬂauld'rééégnize two things: (1) We cannot
be sure that a3 . 2% 3(53)+(ig)3 for éxamﬁle; without further discussion;
(2) Ve might suspect that it is true, beesus§ we have often found in the ?ast
that patterns that hold $ior some numbers can be extended to apply to others.

Tﬁﬁs; all students should understand why we reconsider the statements

n = m n m e B a n, proving that each is true for

5 = = a - a =4 -, and
a

;in
all integer values of m and n (excluding, when necessary, the case where
a is 0). Though a%} students should understand why the proofs are included,
you méy wish to omit, with less capable students, the details of the proofs.

s
LY

14-4. Using Exponents

> We complete our list of rules about exponents with

(a™) = a™,

We now have all the major results sbout exponents and we can apply them to all
integer exponents.

Students should be reminded freguently that there is often more than one
way to solve a problem. Less able students may find that they make fever errors
if thej use a single pattern persistently, and bhey should be permitted to do
More

o
[l
[
1
3
i)
I
i+
pa
]
e
jud
=
o
o]
]
[k
1
o
-
—
g
=
Lpi]
i+
=
o
r

50. However, they should not regerd theirs asz the only possible
capable students may énj@yliésking tor different ways to zolve o problem. Con-
sisteﬁt with this philosophy, the program in Fection 1h-h presents alternative
solutidfis to some examples, ’

14-5. Summary and Review

o
C.
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Hsving prepared the way by factoring integers and studylng exponents, we
prageed to a stuﬂy of radicals.) -
15-1. PRoots
We agfine /b, where b is'a non-negative real number, as the ngnsnegaxive
mimber whoee square is Y}, Under this d;f;ﬁitl@ﬁ; Vb  1is a symbol which names

exactly one real number:if b > 0. Verbal usage 1s sometimes less precise. In

~later courses, for example, students may speak of "the two square roots of 2",
) or, after they have complex numbers at their disposal, "the three cubé roots

of 1", ete. We do not want to introduce awkward or over-restrictive verbal-
isms, but we want to stress the fact that "vb = a" means "a° = b and '
A §'O“ This>ussge is entirely can51ftent with later ones,

* When there is a variabig under the radical, we must be careful in two ways.

=
o
7
5
b
uﬁ%
[
Ly
ﬂﬂ
I n
[N
iy
e

First, since we aré ennsiderlng real numbers, VX 1is meaningless ! e < 0,
Consequently, when a variable occurs under the radical we must restrict i

domain so as to avoid nega@iVé,valuES of the radicand.

result must be non-negative for all admissible values of the veriable. Thus,
we cannot write Jx~ as simply x, =ince Vx_ = x 1s not true for negative
O the other hand, we

2
£ -3). We may write /x° =

ﬂl
b
ot
[N
<
(1]

may write x> - x/x since /3 and VX are defined only for non-ne
T

or these values the statement is true.

x. The student should not be encoursged to memorize cases, but should aﬂalyze

such examples on their merits, referring always to the definition.

square of an odd number is odd and the &

You will find further material in

thatﬁ t i irrational in Number:s: Hation

97
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square is &; we tacitly mgke twa aggumptians

-y

Targ’ . : LT .
o ® s F : - '

: . s - [ ] - ° . .i . ‘ .7’ = ) E
Some students msy ralse questions about whethér*“the**‘ig*sueh» numﬁér

és 2, Tbaugh p?rhapg avkwardly stated, these questiDnE are worth éﬁme

. diaeuasian. The fﬂllawing_idgas afe relevant : o -

_ 7 L -
“When ﬁe ‘define ' vhere & >0, as the‘ngganégative real number whoge

1, ‘There iz a nDn-nEgatiVE rEal pumbEr vhose 'quare is "a.

2, There is.not more thar ane such number.

The fact thatrthere is not gggg than one non-negative real number whose
square 18 a follows immediately from the fact that'if b and c are
non-negativé, and b < ¢, then .bg < EE; (This is proved in Ifems 10 to'lh;
Section 15-2.) ~ '

We have assumed from the beginning of this course that 2 1is a real
number. In Chapter 6 we saw a geometric construction for locating on the
nuﬁhe: line a point corresponding to Y2, We hope that the student has the
intuitive‘feeling that eince there 1s a point on the number line such that the
square of its distance from the @riéin'is, 2, ‘there is a real number, corres-
ponding to this point, such that the sqyuare of this number iz 2. In par-
ticular;; tudents who have used SMSG materials in the elementary grades should
have becothe familiar with the idéé that if we can locate a polnt on the number
1line, then we can identify a real number with this point.

As we noted earlier, we cannot prove that there is a real number whose
5quaré is ~2 Dby using only the basic properties listed in Section 10-5. The

10-5) is needed to insure the

1."-'5

Cgmpléteness Axiom (EEE Teaghérz‘ Notes, Section
existence of V2, V3, e
Students should not form the mistaken. idea that J§ is an "sapproximate"

fumber or an "inexact" number. They should recognize that our work in this

chapter really assures us that numbers like 72, V3, /5 have a stafus pre-

eisely like that of the numbers with which they are more familiar.
In the first place, we can write indicated sums and products inve ving

adicals, and we can decide when two expressi

T same number. Y That

=
is, we can use our knowledge of the properties of the real numbers to shiw,

example, that
(/2 - 3)(/5 + 1) = Y10 - 3/5 + /2 - 3.
This means tha® we can work with irrational numbers in solving equations and
in other instancg )
Moreover, w8 can find rational approximations, to any accuracy, for a
number such as  ¢2. This means thnt if we wish to meacure o length of /2

units with a meter stick or other device, we can do so0 as easily as we can

i
(]



T measure 1=ngt” zth of, sa;i-!,' %
R 2
- limits af ageuragy of our mﬂgsuriﬁg dEViEE; : L. .,

s i 1
i

15-3: g;@;gicgtian of Radlcals !

* Im proving Ya/b = Jf% we ‘make use of the fact that vab 1is unlqué.

whose square is ab. You may wish to remind your class that-similar logic was

the basis of some of the earlier Proofs we have had. It was used, for example,

T in shéwing that f%;: 5%, where wve used the fact that a real number has only

Qne mu;t$pliestive inverse, - . sy :
* The same observations spply to the praaf that = %% in the next

section.

o . N . _ . - - = hd
w. 15=h, Sigglificatian of Radiéals Invalving Fractions
- -
It is aften convenient to ratianalize the denominator of =& fractian, par-

1l

ticularly in numerical computations. Rationalizing the numeratar is ugeful in
later courses in calculating certain 1imits. Students should reali;e that the
same number has many names, For example 7= and %; are simply two numerals

for the same real number. Which we prefer dépend= on"the use we are meking .
of the number, -
“In connection ‘with simplifying radicals, we give our usual connotation to

. "simplify": we perform as many-indicated operations as we can.

 Numbers Beteen 1 and 100

f Positive Numbers

o
"«,i‘_m\
o
[
i |
a3
W
|
h-“-
El
¥
ok ek
| ]
]
el
=
L
I
(E=
g
:n
it
1k
15 18

In Section 15-% the student learns to approximate. Ya to any pre-assigned
degree of accuracy, if 1 < a < 100. The iterdtion process by which this is )
done 1s discussed below. The iteration process could be used to approximate
vYa for any ﬂ@ﬁshégaIiVE a. HSweVEr; it is somevhat simpler, if we are given
a number which is not between 1 and 100, +to write it first as the product
of an even pover of 10 and a number hetween 1 and 100. That is, every
non-negative number & can be exp . 8 1@2 b where n is an integer
(hence 2n 1is an even integer) 1 < b < 100,

ssgf/ This fact can be used to keep the work with the iteration process a¥®

eimple as possible, Moreover, the student needs to apply it when he uses a

“table of square roots. You may want to teach square root approximations from

tables, if you have tables available,

L 4
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- Frnm this uniqueness it IQll@ws that if the square of a non-negative number is .
éb “ then the number must be Jab; since there is only one ncnsnegatLVE number

»
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‘1teration method of approximating sguag? roots 1s superior.

= L A - a0 - i . e T
Students should observe, that the use of the itératign pethgi in ap@rﬁx=é,;“
1mgting Qquare roots is ﬂDt restricted to situations where e’ are t:jing to-

: fimi é rational E@xims;bian to" an irrational mimber, For eéxample, sﬁ.ldents

should notice Items 81 and 82 of Section 15*6 We can compute Y1681 . (Item 81)
by factoring Dr}Py applyiag the iteration method. This is another opportunity

-, to note that irratianal numbers are handled, very @ften’ like ratidnal ones.

The Iterétian MethDd aﬁ‘Appraximating gquare Rcct

There is some ggnt:gvergy as to whether the square root algﬁrithm or the
We amdvocate the

latter for the f@llawing‘reascnsg -
:®1, fThe iteration method cen be made meaningful more easily, s since it 1s-
bgged directly .on the dEfiﬁitlDB of the square root: If xg = n,
then x = vn. S0 the student must find a number vhich

and “x > 0,
when squared gives n.

" The atudént is estimating his results; thug, he-is not likely to make

2%

E
a bed error without realizing it. \

g§jv The second appr@ximati@ﬁrcan very often be done mentally, and always
With very little arithmetici In many cases it is all that is needed.

ok, An easy. division with a two- digit divisor yields a result in which
This is sufficient+«for most

the error is in the fourth digit.

. purposes.,

=

The m&tﬁgd ig ideal for machine caleculation.

4

T

The method iz zelf-correcting.

Pa)

let us see how the procesg can be used to approximate /29, Let us call

the approximations Xy5 X 133

1. Az the first approximation we take the closest integer, 5.

Thus, X, = 5
|
2 Average 5 and find t secgni!appraximatlan. Thus,
1., 2 :
=(5 + 7%1 = 5.4

ﬁ,a)



Y.

B

Average Eh‘émi 5% for a,t&irﬂf*eﬁﬁi’aﬁe;-rm@;

®

£ - =

4 - 3(5.0 + 29) = 5.3852

J
LN
»
L
o
1
]
»

P . L . : xgé R
(The approximation for Y25 from a 5-place teble is 5.38516.)

The iteration method thus ylelds a sequence af-éatij

# -
Les Xy, Xpp Xg,

fie next estimate is < el

for vn. If x 1s any one of these estimates, then

1 ny
E(K + ;)i

In order to explain why the iteration method works, it is helpful to use
the following general theorem: If .a, b are different positive real numbers,
~ then - )

* et D> /e,

(&t 0y

- A
=

o 2 ) 5

Proof: . (/fep) -8 _FfPeaDFL g
) > _
a% - 2ab + b7

s Is} .
1%(5 = b)° 1is non-negative. Hence,,it follows that
_ s o 52 .
* : = + ) = (Vab)“.

) .
= 5

since 222 and V&b are noninegative, this inequality implies that

= b = Yab,

P
+

-
I

S the avernge of a and b, 1s often called the arithmetic mean of

2 3
=

a and b, Vab is called ghe geometric mean of ab. We can word our con-

clusion as: The arithmetic mean of two positlive numbers is greater than their

geometric mean.)

Let us aﬂpfy ti conclusion te the iteration process. ILet x Dbe

1ic
positive. If x # /n,

is greater than +n
and the other is less than /n,
The iteration process involvers taking an estimate x, "and using it to

form the new ectimate é(x + =),

-
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-', take, for exasmple, x

the iteration process are certain to be grea:ter than f
(alth@ugh x
Suppose that we hgve an estimate x- which is greater than J% Iet us

campleted Xpy ;ca

EIE greater than JT_

We conpare X,

R

égnclucie; Whatever estimate x

" 2) >/,

with the average of - %,

Ei
that 1s, with “x.
' P X
| _ — 1
l, - 77’\ ¥ .
2 /n
Kg-

%(12 + f’),l "the &VE’I‘ESE of xg and

of segment PQ. Note that N,

Hence, m::;%xq That is,

;

Similarly,

We conclude: X5 ;:3_,

tc V/n from the left. That is,

differs from +Vn by at most a given amount ( LAy df’ we can be
process eventually will yield such an
Now we ask: - How can we tell how accurate a given estimate

(the length of

to answer this, we compare

(the length of XM).

X

X,

right. A similar argument shows that

X~

1l

m

- /n

=

[

W]

"the midpoint.of

estimate.

fnd

=3

™

i

The geometric

we begin with

(In the E;amgle'

- \I'"

is to the right of M.

er to ¥n from the

loser and closer
find an estimate of +n that .

sure that our

(Ig ra) - A



=

Thus,. ‘ S S x3'—

¥

&)

. L .
%; .18 the error of the’ approximation Xy while XQ
‘the preceding approximation, x,. That is, the. .@ifference
Thus, we have from (1),

Similarly,

" i
s Thu;!x,

o x, - /29

(]
Tt
Hoad

[a]
W
i

]

]
.
L N
To
W0
i
[

You should notice

intended to help you understand

1sing the process, wk follow some

about rounding

1. When

corry

r+
o
e
M
i

ard

N
e

I,

. In averaging «

&

lgits before dividing,

<%

A"

Jipits and aversye 1o

/n

excead Ty A

O
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: L € <4 - s ' ‘ .
’ - 3. Shauld even more accuracy be required, raunﬂ x3 to three digits
. :_Eﬁﬂ thaﬂ diviée and average to six digits. -

£

Thesge rﬁles glve good results with a miﬁlmum gf computation, (Rounding

’ °  off mey cause accaciapal slight d;*crepanclés with the formulas derived gbavé )
. You may be intgrevtéd in QbaEfViﬁg the following table in which the thirﬂ
f‘ - estimates for certain sguare Toots are compared with value= given by tables

L In:constructing this table we have purp@sely used instances of +vn for which '

the first estimate is not close. These are the cases in which we would expect

the method to be least mccurate. Notice that nevertheless the results are

excellent, :
s Second Third R
First Estimate Estimate From
Estimate (1st. Ave.) (2nd. Ave.) _ Tables
/2 1 1.50 1.41667 1.414214
Y 2 2.50 2.45000 2.449k90
/13 T 3.6 . 3.60555 3.605551
/21 5 .60 © h.s8261 0 b.582576
/30 5 5.50 s 727 — 5.477226 \
/i3 7 .57 6.55757 6.557439
/57 8 7.56 7.55000 7.54983L
3 9 3,50 %/uyla © 8.54400k
91 10 2,58 9.53947 9.539392  *
& F)}j ;;J
3
¥
=~ £
i
/
{
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' quite familiar. The first step might be written:

Chapter 16 -

POLYNOMIALS AND FACTORING.

' This chapter and the next deal with polynomialg, and the followins general

ﬂcamﬁgntg apply to both chapters.  As to the mathematical eontent, you should be:

one variable. et us consider, for example, the polynomial X2 . 5% + 6. We

m@fﬁﬂdx Eavgﬁﬂeﬁéﬁuﬂﬂsﬁﬁgﬁﬁi%EE&@ﬁﬂEﬂmﬁL

“(x - 2)(x - 3) = x* = 5x*+76 1is then an open sentence which is true for alf

real values of ¥. Ws=doyld verify this fact by a procedure that is by now

. ¥ :
o If xs‘is a real numbei‘, then (x - 2)(x - 3) = ;i(x - 2)-2(x - 3)
“ffai the distributive property. ) ?

This point of view about the variable cgnféfms to our earlier definition
-5éflvariablég It conforms, als@; to the logiecal requirements of one important
é%chame of this chapter, the solving of/eertain equations.

Iet us consider, for example, the eguation

' =

=

X2 - 5% + 6 = 0O,

Since for any real number x,
2 3 - A .
. x= - 5x +6 = (x-2)(x-3), s

we may say:
2 -

X - 5x+ 6 some number X

[]
%]
o
i
;g
g
fi4
e
L

if and only if (% =2){x-3)=0 is true for this same x.

From one point of view, then, we are staying within the familiar framework
:&iready developed for working with real numbers. On the other hand, it is
possible to adopt the following somewhat different point of view. We consider

n-1

i . n
system whose elements have the form 8 X + 85X oo ba Xt A,

a, are real numbers. Examples of the elements of this

s

8o Bys evs

gystem are:

where

_ = . E ) i
/Bx, x° - 8x+3, x5, x+1, T, ete.

what is

Liy}

We do not regard x as a variable in our earlier sense. Rather, it i
sometimes spoken of as an indeterminate--that is, a symbol with which we simply
operate according to certain rules. The properties of this system are taken to
be such that as long as one performs algebraic manipulationg the results are
exactly the zame ns those one cbtains by regarding the variables as numbers.

1

T
i

Ey



A

"fin other words, in this mathematlcal system the statement

L 6P bere) -

(x - 2)(x - 3) '~

3

e

is 'true, but it is now a statement that xE -5x+ 6 =nd (x - 2)(x - 3) are
j,va names for the same. element of the abstract system.

What: then, is the advantage of this second approach?, The impartant point
is that when we consider x as an indeterminate, rather than & number, we are

able to-see easily that our new system of polynomlals in one variable is

similar in structure to the set of integers. Since we are familiar with the
set of integers, this helps ﬁg understand better how certain ideas--such.as *
factoring--relate to polynomials., It is closed, first of all, under addition,
Vgubtra:qti@n, and multiplication, but not division. Moreover, it poscesses a
unique factorization theorem and g division algorithm, both analogous to those
~+ ¢ which hold for the 1nt?geru.
. Experienced mathé ticians are ezsily able to move back and forth between
) thinking of polyrnomials :5 elements in an abstract system and thinking of them
. ag representing numbers. However, this ability to shift from one point of view
to another requires more exéeriénce than beginning students have had. 1

The teacher--and textbook author--i:z confronted with & dilemma. On the

one handrit iz eclearly unre attempt the formal introduction of a
ne&, abstragt mathematical system|. Moreover, we want to encourage the student
to tes ﬁi; work ns he poer along by referring to things he already knows--
namely, to properties of the real number systeum. . !

between the abs trart uystem of polynomials

* integers are not eénly interesting but very

idens at once, while at the same time suggesting

ing frequency in his later mathematical work.

The r'o 1law1nF supgevtions as to teaching appear to be consistent with this
. B i
over-all purpoce and ore used in this chapter

1. Meworizution of derinitious should not be stressed. Although we need
V and the 1iké--

ome vooabulary

p thHe emplacis chould ke on simple recognition primarily, This is
F oo dderinltbons hove t provisional
2 tio Li e ituation, two steps are
plrot, e ple,
Lo ofr pEnt i ot the real number
Fo b PR RN a5 to how to recognize
Bl
i .
SR Y
. I
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e 7Qﬁly to aid in this reccgnitian. Students should be remindéd f'
frequently that they are only applying known ldeas.

<
3. Where apprapriate} the text notes that a given eanclusicn remind;
o “us", or "is similar to" one that we reached for the integers. We
do not do much sbout this except note it, because we da not want to
formalize hE ;imilarity. However, in discussions you may wish to
fy be sure stuﬂéﬁ 5 d6 indeed remember the property of the integers in
- TR P ’
question. '
Lk, - Students should be encouraged to check their work, if they are in
doubt, by using numbers.
5, We have noted (Section 16-1) that every polynomial can be expressed -

in "common polynomial form". Had we wished to adopt the abstract

in

point of view noted, we would have regarded polynomials in common
polynomial form as élémenﬁs of our abstract mathématiéal system.

4 We would have defined the operation-in thi is gystem in sucﬁ a way that

the product‘of (x - 2) and (x - 3), f@ﬁﬁéxample would be

2

x° - 5x + 6, by definitiof. Our work in writing polynomials in
common polynomial form is thu pointed toward a later, more. sbstr EE

point of view, even though we do not make an issue of this.
I

&, As the student lesrns to factor new pplyn@mialsj he is given oppor-

tunities to apply his knowl ledge to solving equations. Solving

- equations thus to some extent provide

»—ﬁ-

s a reminder of the relastion between the work on factoring and our

i

deas

et

[

chapter is very'closzely related to the next two. For this reaseon
P 3 3 I,

This
it is important to have in mind vhat degree of mastery is appropriate at

certain Ntape,. - t

1(-1. Polynomiels

This cection deals with addition and subtraction of polynomials. The

material in subtraction may ceem inadequate. be reinforeced, hovever,

in Chapter 13, where more drill is provided.

riate, because we use cubte of eourse, in connection with division of

sl

polynomials in Chapter 13, ‘Thevefore, sdditionnl drill material is not likely

Line |

i+

o be neerded in lection , where we are rmainly intere

rerioral ideas about polynominls,
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Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

T T ¥ E :'”if
by the Dist;ibuiive Property - % § 7
TR

3 )
P& as the produet a(b+e),

15-2;;:Fzﬁiari;:

When we write an expressian of the form ab +

ve are silmply applying the distributive property. ?E emphasize this point,

~ In order to apply thg distributive praperty, we muat first be ahle to recognize
4when a given p@lynamiai has the form ab + ac. Thus, we mugt be able to -
!identify a. Now -a is eimply a common factor of ‘the terms, and hence our,
ideas of égmMQn factor, and of greatest common factor, are ;élevsnt

Beginning with Section 16-5 we will be increasingly focusing on

° 'faﬂratic
po ynomials. - The materiai on factoring by grauping terms will not be needed.
StudEnts should underatand;the “{dea of Iactaring by grouping, butb they will

VvaIy greatly in the;r ability 1o select the terms to graupi

% F £
16-3." Difference of Squares
AT T
! 16-4. ~Perfect Sguares
1§i5i Factoring by Completing the Square \
; - —- - —_— —— —— S
: 9

These three sections are closely related. The abllity to recognize per-
fect squares (Section 16-3), and to factor the difference of two squares
(Section 16-4), are both needed in factoring by completing the square.

S Completing the square will be used over and over sgain in Chapter 17, and
C@nséque%%ly, it is not’ Expected that students will have developed a gre&t
deal of skill in it at the end of Chapter 16. It is very important, héwevar,
that they uniérstand thoroughly the idea involved.

. N —

= A

L )
16-6., Summary ond Review
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derctand that which can he factored over

1] o -
iy the method
"
.
‘

Thic that | : Lot .

- 1. :

AL S SO [ESNREN S £t B [ ' ¥ (IR IR A" i I =

b il 5
< L i)

B T S R S S U I A
that 1t o I

At IR =N th, the better

[ B Tl I lows trom o lewmnn

vrlt (i Lot [ i . ¢ - Cl i it rotorable over Lhe
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=
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vhich is satisfied by all the points of the line through the

riven pointa.

However, the two equationz are not equivalent since they do not have the some

20-5. Summary and Review

o
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) Chapter 22 _ ' - .
. SYSTEMS OF EQUATIONS AND INEQUALITIES -
22-1. Bystems of Equations '
22-2. Systems of Equétions (Continued)
+ . The system of linear equations . -
7 {Ax-+ By +C=0
xk + By + F =0, 4

that i1s, the conjunction
Ax+By + C=0 and Ix + Ey + F = 0,

iseg in many conteXtsz where two variables have two conditions plsceg.aﬁ them
siiﬂgtaneauslyi Th prchably explains why such a system is often galled a
'system of simultaneau equations", .

‘We want thé ntudéntv to cantlnug,exténdlng thelr 1deag about sentences,
truth sets, and gragh;, 'Fhu;u sucyr?ystem is another example of a sentence
in twcéyErEELIEE,yand we again fac€ the problem of describing its truth set and
drawing its graph. As before, we solve this sentence by obtaining an equivalent
sentence whosge truth set is obvious Hefe we are alded by the intyitive
geometry of lines. Two llnes ElthEI‘ 1ntéf§éét in exa&:‘tly one point or they

are paralial. If the lines giv ,ﬁ by the system intersect, then the point of

: 1§}erﬁecti@n must have Eaardi"t es 5,t'sfyihg both equations of the system,

and thls ordered pair iz the solution of the sentence. Thus, the prablém is

are the md5t- simple; namelyg é vertical llnE and a hor ntal liﬂé. All methods
!
of solving nuch systemm nre anctually procedures for finding "these two lines

Our purpose here is to derive a method for solving a system of equations

: {Ax +By #+ C=0 (A /0 or B #*6; D0 or E#0Q.)
I + By + F -0 ) . ot "
g

on the assumptlion that this system has exactly one ordered pai;kaf real numbers

a its solution. We think of the individual dlauses of the system as eguations

iy}

of l nes and try to find w vertical J,ll’lE and a horizontal line which pass

th;@ugh the point common to this figst pair of lines. .If these new lines have
X

= a" and "y - v", then (a,b) 1s the solution of our system,

sequations
The linez of the system ,{ Ax+ By + C =0 ] ?
. %
Ik + By + F = 0 . :

. have exactly one point in commor’ 1t and.only if -they are neither parallel nor



x - o -

, Eéineiéénti' We know thst two lines are parallel or golncident if and only if

they are both vertieal or both have the same slope. Putting these statements '
‘together vwe can say that the lines of the gb@ve‘system;have exactly one point
“in common 1f gnd only if: ’

- . 1. B#o ‘and E £ 0. (neither linevis vErtical), ‘and - % - % (thé
. lines are not parallel or identical) ) ' :
;2; One of the numbers B and E is O and the other is not (Dne
line is vertical and the other is net). N -

" A very acute student may inguire how“these conditions affect the method
for solving 1inei§ systems whichH is given in th% text. He may wahdér why, for
example, we are alwvays able to select proper multipliers r and =& which

s yield eqﬁatians of horizontal and vertical lines through the polnt common t@
o the given linés, if there is anctly one point. The relatiom bEtWEEn the

Theorem., The lines of the system -
’{'Ax + By +C =0 (where A, B are not bqﬁh:fﬂ

Dx + By + F =0 and D, E are not both O.)

F

il

are parallel or coincident {f and only if there ‘exist real
numbers r and s, not both zero, such that

3
, A +ysD =0 and rB + s5E = 0.

v Préof: Lot us, pfﬁv first that if the lines.are parallél or coinecident,

—f

=
then there exist numbers r and s, not both zero, such that *

al

rA + 3D =0 and 1B +

Lix]

= 0. There are two cases. Either the

lines are vertical, or they have the same slope. 'If they ;ré

vertical, then :
B=0, E=0, AFf0O, D0,

and we may choose r = -D and & = A so that

rA +sD = (-D)A + AD =0 =and 1B+ 58E=71.0+38.0="0."

If the lines have the same slope, thems - g - %; that- is,
% ==, (B0 and E/O0.) oose r = -Ej

[l

n thiz cazs we may- cho

m

5 = B. = . -4
I : I : A D E
— Theri rA + sD = (-: )A + BD = O f{from the equality of E-and T

- if P - S

. . rh o+ gk oc (=D )H + B(E) =

and
We need to show that the lines wre parallel or ¢olncident. ESince
R

£ - r and 35 are not both O, 1ot us suppose n £ 0.
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If an ordered pair seatisfies ' o . .

{Ax-l‘Eyé_*CzD
Dx + By + F=0

then it satisfies

o )

r(Ax + By + C) + s(Ix + Ey + F)

Since rA + 8D =0 and rB + sE = 0, by our assumption, then

equation (1) becomes

rC + sF = 0. i (2)
If (2) is false, then no ordered -pair satisfies the system; that is,
the lines are parallel,
VIf (2) is true, then since r £ O we have

[ 3 .
LY R & t

- A

1
| m
]
1t

o
=
1
[ar}

F =2C,

o

Thet is, Ax + By +# C =0 and Dx + Ey + F = O are equivalent
* equations, and every poirt which lieg on one line lies on the other

ss well. In this case, the two lines coincide. _ ’
- s . - e . . !
This theorem allows us to justify the method of the text. : Suppose we
lve - s -

Ax + By + C =
I + Ey + F

b ]

1

S 4

‘where A and B are not'both O and C and D are not both 0, and ﬁﬁi’g
the two lines hF.V!E exactly one point in common. Let us St%pp@sef A{0 or
D# 0. Wetake r = D, 5 = -A, .

o

i

D(Ax + By + C) = AlIx + Ey + F)

is an equation in which the coefficient of x is clearly 0. Howvever, the
coefficjent of y 15 not 0O, =i

A + 8D =0 and 1B+ sE =0 in vioclation of our thegrem.

nee if DB - AE = & we would have both

=3

A , s
" Bimilarly, if B # 0 or £ 0, we can obtain an eguation in which the
coefficient of y iz O %but the coefficient of x iz 0. ’
The cases where A and D are both 0, or E and F are both 0,

can Eﬂﬂ:%:,y be seen to involve parallel lines. . -

79 . v

(9 0]
%
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. We do npt expect students-to follow an qu:r:sitién of thies length. However,
we hope they will understand that when we hs.ve two Equatitms for which the
lines have one and only one point in common, then we can write aﬁ\Equivalent
system for whit:rh the solution is obvious,

.The use Df the form r(Ax + By +.C) + a(Dx + E¥ + F)

idea of vhat 15 sometimes called the "addition" method, or the ,"elimination"

0 emphasizes the

[}

method, Once students have understood this idéa, they are encouraged to use
the more customary form in writing up their solutions. '
In Sections 22-1 and 22-2 we concenjrate on the case where the given lines -
are neither parallel nor coincident.
T 22-3. Parallel and Coincident Lines; Solution by Substitution
We discuss systems of the form
! ¥
‘{AX+B'Y*C,O BL£O, 4o, e £0 or F£O
kAx + KBy + F = O
It 1s pointed out that the lines of this system ore parallel, since they have
the same slope but have different y-intercepts. The student is led to =ee
‘that the methods of the preceding sections, 1f applied to this system, will
esult in the (false) numerical sentence /PC -F=0 (kf0,cf{0orF#£0).
Orn the other hand, 1f the lines had some point in common,.then kC - F; 0
&

or
each. This idéa leads us to write each equation in y-form, .
fo=mx F b
{ S 1
¥ o= mex b oh
Ir m, =om, and 'b,l , the lines are p?srullsl 1ir myo=
lk‘ : igjj the H'r'u"u'- are coincident. IF m 7[ ., Ttheg:the lineg have n

cigtie pt‘nﬂt of 1nt“gtt1mi (L{,d); In this Iqtter ong

H0

8y

O
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d mye + bE’
mlc + bl and m.c + bg are both names for d; hence, mc + bl R + bg
and we may solve this equation for c. This discussion leads, then, in a

il

are both true sentences. To determiﬁ% c; we argue that

natural way, to the solution of a system of linear equations By the “substitu-
tion" method. . )

‘Cbviously, the a}gumént above fails if one of the lines is vertical and
therefore has no y-form. This special case is discussed in Items 63-71.
Finally, we point out that, even if neither line is vertical, it is sometimes

convenient to sglve one or both equations for x rather than f@r; Y

1

(i}

2-4. Systems of Inequalities

‘We have, throughout fhiﬁégﬁurse , treated @ualities along with equatidhs, *

It is ngﬁﬁral; then, to examine systems of linear inequalities in this chapter.
ystem is, of course, graphical. The material

[

Our technique of =ndlving such a
. o ;
of this section provides s sound elementary introductdion to linear programifig

and to the study of convex sets,

22-5., FHeview s
%
@
)
§ o i 37
s ¥ r L

.y {

]
. ) .
F ]

&F

e d
i



ERIC

Aruitoxt provided by Eic:

23-1. G;gphs of

a Chapter 23

—

: ] GRAPHS OF QUADRATIC POLYNOMIALS )

-y

Equations of the Form y = ax + k

h

"

23-2. Grephs of ggggti@ns of the Form y

This chapter deals with gfaphing polynomials of the for

the relevant portions of Chapter 17.

Studentg who have mastered the process of completing the square should
find it easy to rewrite the egquation y = axg > bx + ¢ in the equivalent form
y = a(x - h)E + k. They should-also be able %0 recognize that the graph of
this equation represents a translati@n of the equation Yy = axgg‘ In order to
obtain the graph of y = a(x - h)g + k, we move the graph of ¥y = axg '

1 |n| wunits to the right if h is positive; or N

|n| units to the left if h is negative; l/
and we move it
|k| wunits up if k' is positive;
|k| wunits down if k 1is negative.
Little would be gailned by requiring memorization of this rule. In later
courses the student will béc@mg familier with the concept of directed distance,
which will enable him to férmulate the procedure more easily, and he will study
in more detail the idea of translation., Faithful to the ldea of the spiral

curriculum, we feel it appropriate to limit the objectives here to:

i

Some intuitive feeling for th

=
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. carries with it the explicit idea of a particular correspondence

(actually, = one-to-one ‘sorrespondence) between the points of one ’ #

. graph afd those of the other,

In actually.-graphing ¥ - a(x': h

locate the vertex by using its property of being

i
curve (if a < 0) or the "lowest" (if =2 = 0).

This method exemplifies & major objective--that of galning some under-

gtanding of how an wlgebraic property of an equgtion is related to n geometric
observation about a curve. !
: ! a
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>
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'23-3. Quadratic Polynomials of the Form y = ax° + bx + ¢

The student has already solved quadratic equations by completing the
équgre; Some reteaching and reinforcement may be needed here. ~The relation-
ship bétﬁgen an algebraic statement--the solution set of g;? + Ex +c is ¢!e
and & geomefric one--the parabola y = ax2 + bx + ¢ does not intersect the
x-axls--supplies another instanée of the point of view we want to stress

This section uses a number of ideas that have been developed earlier.
examples as a cumulative reyiewv and as an illustration of the way in which
several ideas can be combined. If a choice must be made, it would be better
to leave this chapter before mastery is gained than to omit the next one.

e

23=4. ESummary mnd Review

¢
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= FUNCTIONS
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The concept of functions is
that the set concept is basic. It is 1mpﬁici€ in many things the student has

ElIEEdy done, not only in mgthematics bu t\in other subjects. He probably has
seen in sacial studies, fD:iexamplE, tsblé associating with each year the

population of a certain city for that yéar

2h-1. The Function Concept | S "g

We say that we have a function when wezhave a rule for associating with
each number of a cérta%p set of numbers (thé domain) exactly ome number of a
second set (the range). .

According to this definition, the domain and range are sets of real numbers,
since o "number", for purposes of this course, is a real nﬁmberi_ In later
caﬁrses the student will meet functions in which the domain and range are sets
other than real numbers, Such a function might, for exagplej have sets of
points in the plane as its domain of definition. As an illustrati@n, associate
with each point (x,y) of the plane the abscissa x of phe péintif In this
casze the domain-is the Eétlaf all pdints of the plane and the range is the set
‘of all real numbers. If we associate with each point (x,y) of the plane the
point (-x,y), the result is a functfon with both domain and range the sef o

all points in the plane. ‘
important to emphasize at every

[

In the discussion about functions, it 1

opportunity the following points:

=#
1. To each numb’r in the domain of definition, the function assigns one
and only one number from the range. In other words, we do not have
"miltiple-valued" functions. However, the sgme number- of the range

can be assigﬁéd to many different elements of the domain.
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from numbers in the domain to numbers in the range and not in the

T
particular way in which the association happens to be described. -

3. Not &1l functions can be reprecented by algebraic expres

2h.2, The Fuﬂttlﬂt Notation

 =ing further
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Students should- unde

and that in particular the same function can be

described in many ways. Two descriptions lead to the same function whenever
(1) the same set of numbers is the domain of both; ( 2) with each element of

the domaln the same number is associated. Notice that two functions are

different when they have different domains, even fhough the same algebraic

sentence may be involved in the description of both.

2k-3. Graph of Functions

Let us consider s set of ordered pairs,

set "have the EEmF first number. Such a zet

"'!I

=
=]

.’:‘1‘
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]
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]
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fa
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funetion. Thg firft nupbers which ooour

elements of the damain,af the funetion.’ F@§ amrordefed pair

describe

g5 a

set are the

(a,b)

in

a 1s an element of the domain, and b is the number assoclated with

Netice that in order that our set of ordered pairs describe a funetion,

eszential that it net contain two pairs with the same first number

not have a function if two dif

element of the domain. -

On the other hand, if w8 have a function, then we cen always consider th

- EL . , . .
set of ordered pairs (a,b) in wiich a2 1is an element of the domuin and
. .

the number zssoc
Since &v

function has

ordered pairs of numbers such that no two elements have the s

wvoid such usiges, bu

=]
1t owe

ent numbers were asszociated with the
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they <an bpe interpreted in terms of our
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v Supplementary References

Much inferest has been expressed in supplementary reading material in
mathematics for the purpose of reference, éﬁrichmeﬂt; motivation of interest
in mathematics, and in_ﬁgzerials that may challenge the better students. Access
to such materials has not alwsys been =asy, and wher such reading matter ¥as
avallable, 1t was incumbent upon the good teacher to direct rel%vant literature
of the appropriste level to the student!s attention.

The following list of references for the ninth grade student is offered.
to help relieve the teacher of this somewhat onerous task, It draws @nhthe
volumes of the NEW MATHEMATICAL LIBRARY (IML), which ic a series of expository
monographs produced by the School Mathematics Study Group end aimedjat the level
of maturity of the secondary school pupil. The detailed référencésgaré by no

omplete, but we hope that they will zerve to suggest procedures which

i

means

will be helpful in whetting appetites for mé%;fmatigal inquiry.
- f
- ! :

-

VOLUMES OF THE NEW MATHEMATICAL LIBRARY TO DATE

Volume Author and Title . .

-]

* Niyen, Ivan e

NUMBERZ: RATIONAL AND IRRATIONAL

s

Sawyer, W. W.
WHAT I3 CALCULUEZ ABOUT?

3 / Berkenbach, E. antd H, Bellman

AN INTRODUCTION TG INEGUATITIES

Kazarinoff, N. D.
GEOMETRIC INEGUALITIE:

-

. -
5 Zalkind, C, T
THE CONTE

ST FROBLIM BCOI

S OF LARGE 1T

E L R

%

FOINFIDITY
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* Author and Title

C. D.
CONTINUED FRACTIONS

10 " Ore, Oystein . ' ' .
GRAPHS AND THEIR USES

- HUNGARTAN PROBLEM BOOK I

12 ’ HUNGARIAN PROBLEM BOOK II

13 Aaboe, Asger
EPTSODES FROM THE EARLY HISTORY OF MATHEMATICS

1k Grossman, I. and W. Magnus
GROUPS AND: THEIR GRAPHS

#

Following each topic listed below is a set of number pairs such as (1 , 3).

The first numeral refers to the volume in the series, and thé second, in most

ey

cases, to the chapter in that volume. Thus, (1 , 3) refers to Volume 1,
Chapter 3. 1In the case of* Volume £, which.is divided by section instead of -
by chapter, the second numeral refers to the section specified. Volumes 1

and 12 are collections of problems of the EStvos Competitions for the years

1894 through 1928, These Qké printed in chronological order. For these, the
reference (11 , 1899/3), for example, indicates Volume 11, Problem 3 of the
1899 competition. Thoze references which we consider to be challenging fort
the average ninth gfadér have an asterisk to the left of the reference designa-
tion; we leave [t te the discretion of the teacher t@’éécidé whethdr the

reference 1s sppropriate for the particular student,”

Approximation

Approximation to V2

Grophical represontation
of velocity B (2, 2)



Orephs (contimued) - g% ) . usi; -
- Graphs of inequalities (3, 3) 7
_ Eldﬁeréf.aicurve, ' (2, 6) ' ] . R
*, Identity element (x,1) _ _
Inequalities (1,3, (6,1, 3,2,3539, "
(e, 1907/3), (12 , 1913/1)
) Triangle Inequality ) (3, ﬁ)
Iinear equations (6 , 22) TN
Networks (topology) (10, 1), (10, 2)
Numbers and nuéber systemsj i
‘ Bebylonian number system (13, 1)
Binary system : (6 , &) .
Decimal representation (1,2), (1, 3), (12, 1907/3), (12, 1917/2
_ (12 , 1925/2), (12 , 1927/2)
! ' Periodic decimals (1, 2)
' Positional notation (12 , 1925/2)
(1, 3)
TIrreional numbers (1, 3), *(1, &)

Rational numbers (1, 2), =(1, )

(1]

Real number line (1, 3

Number theory . a .
Composite numbers (6, 200 :
Congruence modulo P (6 , 21),

2
Divisibility - +(11, 1899

Divisibility eriterisa (6, =20)
Natural numbers and integers (1 , 1), (12, 1906/3), *(12 , 1913/1),

(23

Normal numbers (6 , 18)
"Perfect numbers (6, 20), (11, 1203/1)

Primes

Iriapgular numbers
Unique factorization
.t (5, 19)
Pigsonhole principle (12, 1705/3), (12, 1207/3), (12, 1925/1),
(12, 1923/1)

83

' 94
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Properties of numbers

Associative proparty (1, 1)
Closure ) (1,1), (1,2, (2,
Commitative property A1, 1)

'Distribuﬁive property (1‘, 1) :

« .Proofs - (1,2 ¢

3
7

Qaaa;atié‘equatiaﬁs_ B +(11 , 1896/2), *(11 , 1899/2)

Topics from physic

I

4

Acceleration 2, 7)
Constant speed 2, 2)
Instantaneous velocity (2 ,3)
Sceientific notation - (6 , 8)
Varying speed 2, 2)

Unique factorization (1, Append B)

x

! , :
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' 95
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L SUGGESTED_TEST IT?
?z * = Y

tems for each Fhapt:r are provided as

] [

The following suggested test
gzoals of the chapt r, rather than as

=

sampléé of appropriate questionz on the,

a complete test.

- . -
Additional test iffems can be found in the Tescher's Commentary for thig

First Course in Algebra. Page references f@r these will be given for eachs

chapter, using the form: o . )
) T.C., OF, pages 16-18, Ttems 1-11.
Chapter 1. SETS AND THE NUMBER IINE : -
True - Falee ‘
1. The set of Cauhting numbers a subset ol the set of whole numbers.
- 5, . The set ol whole numbers iz a subset of the set of rational numbers.
T 3.  The -set of counting numbe ie 5 subset of the set of rational numbers.
r""l:
L, The set of rational numbers iz a subsel of the set of counting numbers.
: bl -
5. let 5 = (0,1]. Then &, -is closed under the Dperatian of forming all
i = [
7.
A,
Z}i
) Mu,lt;?;E th : - o
: " 10. Wiich of he Cofiowlie G.oonetow C
10 1 )
2 TH T
} 11, Which o i 2 ) it er? .
i s W 10
+
e "?‘»_‘]
¥ . . ) - ¥
. - ( =3 *
, Ju
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. - Thies: af the - f&llswing rmmersls -nane the same rationa numhexé Which -, .
Eh QEE names & differeﬁt number? . . . T
1 b2 o\ 56 2085 e
=. a. 2 ) b. 12— ] Q-. ii 0. d. 3 o <o ¢
: PR . .

13.° let We be the sgt, of whole numbers and let. N be the set of counting -

numbers. Of these sets, the number O is E,.I'lqél‘éﬁléﬂt of
. W only * b, N only .c. Both WandN  d.- Neither W,nor N

N i : . 1

’ . [
1k, Iet R= (0,1) and let S ={2,3), Then RNS is

a. ¢ ’ b. 6 - ec. (0) d. - {0,1,2,3)
15, ;,'Whi:h of the folldwifig is arpinfinite set? o
AR . , _ ’ ) _
‘a. [3,6,9, ..., 3000} c. e set.of grains of vheat grown
P : in the United States during 1962.,
b. (30,60,90, ...} o States during 1362. ¢
L] H b N
L i ' [ e
. 16, Which of the following 1s a correct way to write "the set of all even
- whole numbers"?
2. [-’— b 5;~,: ves) - . Cs LDQEJAJSSBS] 7
©T. 7 b {0,246, esl ﬂ d. {E;L";éf;!lc] . 'i ’
17. .Which of the following is a correct way to write "the empty set"?
a. 0 ‘ b. (0] - e B a.  (#)
18. Given the‘following sets: - ° o )
= ) D: ' The set of all counting numbers less than 5., e )
T ‘ E: The .set of all whole numbers greater than 2.
F: The set [1;2,3;4]!*
] E )
Whieh of the following statements is true?
! ‘\i*a D 4is a subset of E. d., E 1s a subset of F.
. E is & subset of D. e. D and F are the “%dme set. .
) o, F: is a subset ot E.

¢. The empty zet iz a-subse
d. R 1z a subset of the empty =set.
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, 20, Two numbers between %

s e g o B g k
e . _ - N
1T .. 19 F ;23 . 27 .

‘ompletiof:

21. The.set of people of the United States

people of Washington, D.C.

{2,20,28,36]
of R.

T

Iet

a subset

22, and let R = {0

23. i;et U be the

= In %Et natgticn U

FJ - T i
' . i A
€t of the set bf

2,6, ...

‘zigjis not)
4

set of &ll odd whale mmbers which are gréatér thgn 100.

ht

i - =
A number agsaciated with a point on the number line,is called the
B _ of the point. SLV SR Y L.
25 On the number line the pmlnt with Céérdlﬂﬂté %% is\ta the N
129 - ’ {right,left)
. cf the PDint with-coordinate =0 - o ) -
/ * 5, H
Number Line: -
' *  DIRECTIONS: ~YQuestions 26-28, Refer to the number line and the .
i - 4 i )
- informstion given below. Then match the.points with the
" corresponding caardinatési
. .
N !,1 by
o] P : 149 8 T .2 -
h -Points P, Q, 3, and T are shown on the number line above. The
coordinates of P, Q, 5, and T are among the members of the set
- L B> B8 BT
- m i - .9 ' -
26. The coordirdate af _ is g
; 'EZ; The coprdinate.of &5 1s _ .
. _ o . L T
. 28. The coordinate of is g )
T , .
‘ 92 '

O
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35.

a ex(2+2) b, 2x%3 e, 3X

" The sgt of cmmtiné numbers less a:

" The set of numbgrs in . c.

!" ’ \., T JBA

*

the mumber line show the graph of the _sét';}r'céﬁ};ting rumbers betwees
IR S T : - '

P @

s . . %

On the‘ﬁmberriine show the g‘r@h of the -set -of whole numbers less than 3.

- i 1
%, K

- - 7' ‘
DIRECTIONS: ‘Questions 31-34. Match %hg sets, in Column ,‘szit.h\.thé
: correasponding g'raphs in'Column B,

A #

'1*—\2/ L_J .

[ 4 - . R . A
Column &4 - e Column B

&

R e

T

3

K

!

IO S

than- 2. . .

r '

N er = ‘
|

The set of numbers in . b.
{0,1,2)n{0,1]. ' '

[
\
e
]
ol

(0,1,2}U £0,1} .

The set of whole numbers between d.
0 and .3. '

L ot ot o - |

]
|
=

. =

o —
F

[ B

‘O‘
(bR 8
w—t Co -
. f' \ “'W\ 7

1

Which of the following is illustrated by the diegram below? .

I

‘

i

ot X

g

—
1 ]
! T
0 1

rd
[

W‘
&
[k N
-,
M
*
]

»

- VWhich of the following is iTlustrated by the diagram below?

P

M =
st —p—

|
-
0

e

&
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13-

.‘l' 7 L
Additian and mnltipliegtian are binary aperaiians . L -
A Eyﬁbﬁi f@r an Dperatlcn is a numﬁral. , { -
A given num;bal msy répregent several numbers. . ) -
A given number may be reﬁres&nted by aeveral numerals. -
6(7 - 3) - o
———=x n far t umb r 2. .-

53 Qﬁ;#b amE he numbe . ' .
50+ 1) =5+1 ! :
22-5_12.2 ‘

= ”
J &

DIRECTIGN5; Qiestions 8-13. Se 1 et the Erapéruy that is
' illustrated by the example, A.praperty may:bé
X 1 .

g.’ -
5 .
% < selected more than once. ) * e
' % + 1o % + 1 a. Associgtive praperty of
= > T 3 addition ¥
(b +5)+ (8% 2) = (8+2)+ (b +5) b. Associative property of
. miltiplication
‘ - o | 7 7 7
(53x7T)x2=5x(7Tx2) c. Commutative property of
" x © addition
B
o 5 o 1 5 :
(= + é) + é s =+ Li + %) d Commutative property of
5 . 5 ) 5] s e i
multiplication
(5 x2) + (2 x2) =o(5 + 3)(2) e, Distributive pr@pérty
i
. - ¥ \
5 %X 2,6 = 2.6 x5
DIRECTION, Questions 14-17. Match the items in Column B with the
corresponding itemz in Column A.
Column A . . ’ Column B
2+5 =7 s a. Mumerical phrase for the number 22
5 +.4h =7 ’ b. A& true =zsntence
(30)(5) - o. Indicated product
18 + 4 d. A false,sentence 7
2. Commutative propesrty of addition
ab”



Miltiple f?hnieg:.?’, . ‘ : . : L ,

| a(g"‘%)(ga? %t %—(2_8_) e ( :

U
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i
st
—
[
oo
[ty
v )
o
>
+
—~J
¥

P

o
- =3
-m- .
Hieo
M

=-
o

&

1

)

o

H

b BApNE8) =228 +f oA
IS _ The erprgss;an‘

1 ) N = 5= ) =
" . &
- a. - The quotient of the pumbers 2 x5 and %?

~ indicates

# E ‘
b. The quotient of the numbers 2(5 + 3) and L. . -
c. The st of the numbers 2 X 5 "and E .

d. The sum of the numbérs % and 3.

20, By "the distributive property” we mean "the distributive property .

\ =

. a. of addition over multiplication". ©b. of multiplication over sﬁﬂiti@;:“{
- 21. Given the senterces: »
“I. 3(n+L4)=3n+b . ITI. 3(n ¥ ¥) = (n + )3
- i B 1
- II. 3n+ % =4+ 3n : Iv. 3(n+ L) = 3n+ 12
Fot, n sany number of arithmetic, the following are true:

a. I and II only ¢. II and IV only

. b. II &and III only . d&._ II, III, and IV - .
- . . N

22. Given the sentences? ..
7 I. n+ 3
II.. (n+3)
1

I. 5(n+ 3) =5n+ 3

fit

5 +n
+

il
=i
+
—
b
-+
b
—

5 =

I~
s
=
=
o]
el
m
Lo}
o]
"
+
fa
AT
b
ot
=g
M
iy
a,
S
=
1)
%,
e
ul
]
s
Lol

s true

g

a.” I only b. II only e. III. only . d. oth and III
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(% L (% )is L -

=

ributiye ﬁfageﬁy

. g2 - - THE Fie
G+ds) = = sy« (45)
; 9 5 - L —— )
. 5. Use the distributive perEfby ta express the numer}ical phrase’ 45(% + %)
as an indicated sum.” o - o )
i 26. Use the distributive praperty t6° express the phrase %(18:) * g(l'?) as
- an inciiaateti product. o . i /— :
P 27, Insert parentheses to make a true,statemént. L AN
; ' o 6+13%xX5 =05 -
Einding Spumon Nemes for Numbers: o ! L . i »
v . : : ‘ S,
o DEEI“Z‘TIONS{ Questiones 28-31, Find the common name of each of the
o«
T » - , falléwing. Hiht: If you use the. PI‘DPEI“EJ.E; Gf/aéé_itic:m
and multiplication, you may be able tt:: write ‘Ehe ansver
= a.t aight E - L] . ] ] ) :» . 1
. - -
5 - ;1 . % - '
28, (7)(13)(—) = _ r
¥ . l o = .
29. (3)(57) + )(57) = \ "
. 30. €§+ED+'§§+1E; f~-
5 K 5 - —
BN 125+ g) =
- DIRECTIONS: :Questicn‘. 32-34, Find the common name .for each of
Y : - the f'(::llf:)w1ng. X .
32. L?—i) when a is 5 and b is L,
33; c(a+Db) +,c when a is 3, b is 2, and c is 5.
4. (a+b)(c+d) when a is 2, b is 1, < is 3, a is L.
« . 7
« (
. . ;
Also, see T.C., 9F, pages AD-AE,'E’ efns 1-16.
" 9% ‘j“ ' N
. > : ’
~ooo102 D L
* ¥ i» ;

O
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Chapter 3, SENTENCES e IR )

(7 - 7 :
(1 + *

PN W
lil

]

.- - -

Completion:

o

The truth set of an open sentence is a subset of the __~  of the

variable.- : .

The graph of a sentence is a graph of -the -

The sentence "3 <n < 5" may be read “55§-3 ’ n=<5".

(and,or)

b . .
‘graphed below.

Write an open sentence whose truth set is

I I S N RO f_ | . .
1 1 el o s 0 t'!':‘
(e} 1 =z 3 L 5 6
I -

ey
]
i
[
+
o
[
-
.
Hy
el
-y
L]
=
%
-
o+
pug
0
o]
+j
-~
o

Given the formula

[

Multiple Chaice:

.Given the sentencez.

R . .
I. sXx"%*3=5 II. Wt + 6 <28

, but not II, - c. Both*I and /II
I, but not I ' d. Neither :Id nor II

]
)

103

. of the gentence.
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*

- _ : -

: S Fy _ 7 _
e open sentence "p< 10" has the same trith set as <,

(]
-
Lo

LT é‘._ .'p <10 and p =10 ‘e. p<10 or p
# 7 b, “p>10 and p & 10 « 4. p>10 or p

. = - . 3 [ - s N
T e ) = * - .
. - .

= - e

]
=
L]

16. The_ opén gentence ."t ¥ 6" has the same truth set as.  -.

'ai(;t-z‘;é_ and t=6 - T e t<6 ér_t:‘rér
b. t>6 and t & t>6 or t=6

il
[~y

@

Finding Truth Sets: . - . .

If the domain of the va:iailevis the set {0,1,2,3)}, find the truth set

of each open sentence, -

18: tho

-
"

.19, Etieg:ég

N > - '

i 3

Find the truth &et af *sach of «the following open sentencés:

~

"

I

[ I I
Tk [ ok
Lo E{J ot
li . +
o " Vol
[
il
i
Nad
g
+
fag

{2
ad
W

[

b

I

e

4 * -
1 = - !—*.,Z
= 1
.
f“ *

U
<
e

O
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.-open septence. The domain of the varisblé is the

\ of all numbers of arithmetic.

) A
Questions 24-28. Select the correct graph for each

get,

*

LOF X = 4 ! i, -

N
®
it

(m
|
=

o4

_ ] |
1 2

-

5

B, —

ot

R 0
ot
M
[

= T

L ]
.t B ]
0 1

i
(2]
S
L

"
—
i
-
o

Py——

% R
-t

e
[N “REEITIF e

[l
4

|
oA o
e

Y 1 B
DIRECTIONS: Questions 29-31. Select the correct truth set for
) given szentence. The E@maiﬁ of the variable is the
of all numbers of arithmetic. ’

Sentences

5x = 25 ' a. [0,1,2,3,4)

b. The = 5 of arithmetic except 5

y+3}8

. 31, y+348 “ N
d. The SEt’d;iall nun

Drawing Graphs:

5 of arithmetic_less than

DIRECTIONS:
2 }

= domain of the variable

arithmetic.

p
5
=
oo
L
[ -
e
.
g

ny
4
LU
I; ]
=

O

ERIC
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-z of arithmetic greater than

set

L8

Draw the graph of the truth set of

/s

|
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N



/ Tﬁ{eﬂiﬂzﬁg =

1y T+ (3-13)>787 . . ; .
-4 2. 787(23 - 13) < 787
3. 5(0) =0 and 5+0=0 . ; L

. 4. s5(0).

[}
wn
o
e |

L1
hon
+
o
]
L
¥

[

+

(S VT
I
[
+
! Y
»

¢
6. T(x+ 3N< Tx+ 3
T. ‘83q+§;@?§143§}f

8. 3%;g+hx+§xar2ts5t+7x ‘ T . .

LS

tom letion:

- 9. Since th{smﬂﬁﬂf any number n and zero is equal to n, zero is c;-allfd’ /

X‘bhé _ element for addition.

10." The miltiplication property of “1 may] be used to write
i

o ke
)

T.T7¢ y._26
; §"9( )'?72 .

_ - + 15
11. The common namé"fﬁjfmT is . . .

@w In

VlE'g The distributive property may be used to write .

) ) Clxe 3)(x 7)) = (x+3) o+ (x+3) .

%3. The sentence 3+ 5 =543 is not true. Fhis shows that the
. i -

property does rfot hold for division. ) =

'S\

- -
1k. We are assured that the phras?g/ (%‘)(G) names the number 0 Abecause of
N ¥ .
the property of ! . - B
- B _— -

: 100 -

ERIC
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HS o ‘ ' ) x, ’\i - c :
e N _ g* = _ .
5 - - ) i ‘
b L ) ! )
15 AMme truth set‘of the sentence t(t - t) is
» + ‘@ The set of all numbers of arithmetic c. § \' -
£ -, b. The set of all vhole numbers . d. (0} '
6. Iet R = (O, %; 1) end 8 ﬁ(é, g, -%, LE‘, g, ...). Wnich of these is(are)
closed under the t:pera:tign of forming all poss 1bl?alﬁs of palrs of
] = Y
blements (including the sum of gn element and itself)? =4
a. R only b. S only = c.\Both R and 5  d. Neither R nor S
17. - Consider the sentences L - /g ~ -
LY . . ; -
T ¢ I, (3 + x)P= 3y + xy
> - II-K*(,?‘\)EY' ’
w ] ) #s R
‘\ Which c:l“\these is(Are) true for eve g.lilg of the variables?
- : + . £t N s
a. I only -~ b. II only ¢. Both'I and II d. NEithéI‘ I nor 11
7 18, If the {prapérties of addition and multiplication are used;,“thé openr  *
i / phrase Tx + 3y + 5y + x can be written as i \
‘ N, ) .
a. Tx + 8y . r/ ¢, Bx + 8y o
“ b TS+ 8y ' d. 8x° + Byg )
EY _7 &
19, If .the properties of operations are usiéd, Ly + 6(x + y) can be written aa
T a. 6x + 5y c. €£+‘3er'
' ~ b. 6x + 10y oo d. 10x + 10y
20, If @&‘yprﬂpértlég of operations are used, (2 + x)(5 + x) can be written
as the indiseted sum ﬂ{ ¢ - s -
) a . 5 -
a. 10 + x° ; e. 10 + 5x + x° =
b. 1©+Ex*,}ig 1 d.- lD*Tx+}:E e ’
- : ) .
21. If the distributive progerty 1s used, the 1ndlf‘atea sum Xy + x;y": can
_\\ . be written as the indicated product ]
- - ; , 5 ' )
a. - (xy + Vxy" * e, w1+ ¥9)
b s xy(l + y) _ o 4. xy(l + xy™) ,
& . .
; kS
101 \
/
e y
10 L
Y ,

O

ERIC
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Questions 22-26. Select .the property that is f1lustrated

by the example. 7

1

]

22, 2x+ (Sy +5x) = 2x + (5x + 5y} a. Associative property of addition”

23. 2x + (5% + 5y) = (2x + 5x)>€ 5y ., b. Associative property of
7 o : =—==mltiplicat{on’
2k (fat“* 5?/’* oy = ‘(E + 5-2} + 5y c. {Cammz»;ativepmperty of addition
1 . . - e ) . .

R %(bh) £3(m)

n

d. Ccnmmtative property of
" multipIication \ »
' - e. Miltiplieation property of 1 -

f. Distributive property

S Use of PI‘EEETtiEE‘ - . )
: T T — : \ . .- .
DIRECTIONS: Questions 27-28. Using the distributive property write
* each indicated product as an indicated sum without

5 2. (2 + t)t

*

.o A .
28. . 3a(5b + ke) .

7 DIRECTIONS: Questiong 29-31. Using the distributive property write
each indicated sum as an indicated product. - -
~  29¢ 3x + 3y )

{.« BIE‘ ;y + 2y - N ) o . . o
( ©  DIRECTIONS: - questibns 32 (
.4 R < ‘L;f' and mul%iplic;tian write each

' fS%qg

32 and 33. Using the Prppért ies'of addition

pen phrase in simpler

[}

& . _ o
»32. 23x + 2y + 10x S §
- R . . N
33 e+ b+ 2+ L4+ 8a 7 / . ' S
) N -
é o RN _
. /

Also

Pl
L
W
=
P
A
e
el
&
1T
L
-1
L
l
—1
e
-
i
o
[
=3
m
[
—J
I
LN
A

vl
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Wriling Open Phrds

o f*RECELIC\NEigz "Questions 1-13, Wgpite an open phrdse suggested by éach
- - "

/f}ft piven ‘

variables P

two numbers 171

i

pnumlbor Lo 1. '
-
. .
A
.X’:
! =
N .
=
-
= 103
]
i LS i
109 .

ERIC
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-, Matching Open Phrases and English Phrases:

3 . . ; \
- DIRECTIONS: Questions 1h-21.. In each of the following select

[t
=

L]

[
=,
et

5
L3
wiz -

12n -

)
o,
M
-
T

-
-3
.

-

mal =

=
o]
L]
i
It
+
et

I
: than_the number n

: 19. 10n + 5(4n)
e e. The number of feet in "n  yards
20. n - 15 # ;
- 1 - . The number of yards in n feet
21. 15 - n 4 \
& ..
L - N
- g. The n dimes and .
)ifl =
h. John'ls age In years, n years ago, if he
3 B} L . )
iz now 1% yesrs ols .
i
i. The numbey that is 15 lecs than n.
. . ) .
. 4
I - 5
; » 1 L]

!
—
b
F=e

“
s
ot

ERIC
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itence for each

.

* i
22, The numb of nimkel ¢! 5.

23.. Five leds than the number

2l
.
Same

is lessz than 50 and

of question:s 1

greater than 4O, .

=5 more than twice the width and the

ot
—
»
i
e
g
pod
£
P
ot
i
s
i
ITr
e
+
B

arca 1o sauAre inche
a o - ]
2 Rhem some B-cent
-
P
- T, : !
i}
-t

O

ERIC

Aruitoxt provided by Eic:



- ) 4 Cow .

. ' {

ST T e v e u\u i
. PR
= Ll
., l L
-

foned it

i

ERIC

Aruitoxt provided by Eic:



. L L - "
17. Write the common numeral for the oppo of |-9]. - .
18, Write an order statement connecting -2 and th# opposite of -2.

“onsider the two- pollnts with o

[
2
o)

coordinate 7 1is to the

=

7

20. Write a sentence having the oame meaning

LR

F 2. The
d. The
o/
2 tollhwing
. -t b, [t g, |-t
that v, x, and v are real numbers with |v] = |x]| and

then we may be sure that

—
U
Fe
P
1
=
ey
w

i

29. Which one ol the

same truth et ag the open

ntence x £ 0 2 ’ »

O

ERIC
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[

20

35
=

"
" Graphs:

Find the truth

Find the ®ruth

Draw the graph of the set

"4 and greogter thar

§
S
e




Ay

ind the common rame for each

H
0 ]
M -
i 1
RN
It I
L » e
[
i +
—_ o T
B o ] K "
T s
T
-
-

Ty 4. It dependz on the number,

ol
=
[
.
o
5
:

= numper n, then n is

C o
i, - === [ = d.
-+ i

ot
.
=i
\

paj

1%. Which of the Zollowins names

- 109
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=
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Chégt&r 8.

]..,i
3.
k.
Vg,
7.
3.

4

10.

11.
12
14
1h,

O

ERIC
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PROPERTTES OF MULTIPLICATION

Finding Common Name:

L)1) - (D)

[l

DIRECTTIONS: common name for sach

(-4)(23) 6 7)

(-7)° ; |

(-5)(2)(-3)

J(=3)(2) [ (-3)

(-8)(7 + (-7) >

Completjon:
: ’ ]
Simplify the expression (-3a7b)(kab).
f To-

If the product of the real numbers t and r is zero and t 1is

negative, then /r is
- s ;l'

(-9) ((-6)¢-2)

of .

(-0) (C2)(-6)

property

I

(éi)(?=%)(-§)> iz true because of the

i
Hy
el
i
fuc
il
o
ot
<

@:5)(=%§)(;E} is true becauge of the _

Pl
Fo

£ 3% o=

-37 iz .true for some number x, then (Bx)(%) = is
; 3 -—

becauze of the multiplica%ian property

b

true for the zame number x

of equality.

) . )
(=5%) + 2x° + 3x =

3¢+ (-6y) + (<hx) + (-y) =

=

[



DIREGTIONS: Questions 16-18. Write each of the following

indi-ated products as an indicated sum, collect

il
[

terms and zimplify.

=
(e 4]
.
s~
e
+
it
Pt
.,
k]
+
—~
1
-
e
i

= .
e

Wnich of the following is a correct applicstion of the distributive
property? (-6)(-12) + (-6)(5) =
¥
(-2)(-12) } e. (-8)(5) + (-6)(-12)
¥
(-12)(-2) + (2) (=) 1o (6)((-12) + 5)

Pl

hass

Which of

(i + (-:,f)> 7 az an indic

way to write the opposite of

P
i

g, (-¥) + x co (ex) vy

-~

L

ERIC
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f.

Qhaptéf;g. MULTIPLICATIVE INVERSE

Finding Common Neme: ﬂ

I

l, 1-17 . - .

2. = .

“/

Multiple Choice:

3. If m<-1 and t 1is the miltiplicative inverse of n, which of the

following sentences is true?

a. t+n=1 b. t+n>0 c. n>t = d. t=>n

B
e
s

4. The number x 1s a so ﬂtié% of 5 +'bx = x + 6 if =md only if~

a solution of

[}
1z
F\_l
3
1]
[

a. 3x # 1 =0 b. 3x =1 @aCs X + 3

5, The sentence 2x + 5 =1 1is eguivalent to

il
o]
o
o
+
hoad
1)
Lo
T
!
1]
[
&
”
li
o

a. X + 2

6. If p 1is positive and n is negative, which of the following sentences

is not true? .

e
o ]
[
|
o
'w
o’
ol
o)
W
5

a. % =0 b.
? :

7. If n is negative and t 1s the reciprocsl of n, which of the

following sentences iz not true?

o
.
]
r“.
N
[
bl
ad
+
o+
i
b
[
o+
i
o
e
o
o
I
'_.l



DIRECTIONS: GQuestions 8-12. Find the truth set of each Df;

(- %)x 2 - : — .

10.

W

11, x(x + 1

-

Mot
I
Lo

s

L

12. (y + (E‘E)) (y +5) =0 ey ‘ \
7
= f‘; i * B
; H -
w .-

5 5,7, 9-10,

o

ERIC
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Completion: . -

DIRECTIONS: @Questions 1-4. Select th

L

v

v &

(o
.

-
for every choice of the variables, make an order ‘statement

W
@ =
[ [
M,
S
&,
&
"
=
&
T
2
)
pall
I
(]
N
iR
!
P ot
bl T
8l
b i
5] jud
E o+
* n
et bel
fal
A
g =
o+
Ju
g .
i
el
i)
«
et
»

et
=]
=
oty

11. Let x be & real number such that X ¥ 0. Then which of the following

a. x>0 b. x =20 e, x=0 a. x40

g true for coms number ¢, then which of the

=
e

e
S

* the zame  x

ERIC

Aruitoxt provided by Eic:
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13- Hh;l:h Bf the’ fnllaﬁing open senterces has the sime trutheset as

1k, The sentence (-x) +3>2 1is eguivalen’é to

(——);; :; 6 7

\ a;’*i!x_;gg b x>-b ‘e x < -9 ’ d. x<-h .

A A

8. x > -1 b, x>1'° e, X <.l 4, x<1
e ' . '&’ . ‘ e

. 15. For any real numbers r, s, and t, if rfs and s §+t, then

" _See, also, T.C., OF, pages 210-212, Items 1-8.

I

a. >t b x>t . r<t de Tt o

Wl
<M
o J

16. Which of the.following is true 1if =, x<0 and y<0?

‘8. X<Y¥ b, x>y c. x<y d. x=%¥

W

tﬁnﬁ 'I‘ruth Sets:

F‘-w
2
g~

1d *EA‘IE truth set af = 0. . -

" L i{ » E ;i
"+ Graphing Z"J;ry}:l} Sets: , =

18. - Find thé t:mth Eet Qf (E)+y{u+y§ . J

19. Graph the truth set of x + 4 < 0. . : - ",

- 20. *Oraph the truth set of (——)x <2, : f‘f

21, Graph the truth set of -5x + 3 > 8.

) Writing Open Sentences: ]
' DIRECTIONS: Questions 22 and 23. Write an open sentence for

wy

. . each English sentence. DO NOT SOLVE.

x

22, Tl‘t Product of twa consecutive whole numbers is greateér than 100 ang
He 1 ’ ’

arger number is y.

23. The sum of a number t and its reciprocal is not less than the opposite
of the number, P . S '
P Ao i L ._fs/

117
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Chapter 1. SUBTRACTION AND DIVISION T

_ Egggiefiqq: i : P : ti~-:

4 . Di’REETTDNS meestiaus;’?‘];h': Write the common neme for éach of
the following. s '

3
—
)
2
[
[
[
]

20) = - T

. i

) i

e
'_l "
<
[
]

1]
g

4

5. What number is 5 lgss than -8 ?

6. What is the dfstance between -10 eand -50 ?

7. What is the diptance between -10 'and 50 7 u;;; * .

. Fh —— R

8. TFor any real numbers x and y:Z the difference x - y 1s the same as
. R

the sum of x and _ . . R

9, TFor any real numbers x and y, y #°0, the quotient, x divided by '
¥," is the same as the product of x and _ ' . T

L4
Multiple Choice: .
iOg Consider the operation of subtraction. Which of thevfgl%awing statements,

#

is true?

a. BSubtraction 1s associative but not commutative.

. i b. Subiraction is commitative but not associative.

c. Bubtraction i1s associative and commutative.

d. Subtraction is neither associative nor commutative ¥
4

11. Consider the operation of division. Which of the following statements,

1
i

is true? : s

S

a. Divikion is associative but not commutative.

Division

o

is commitative but not associative.
Division is associative and commutative. §

Division is neither associative nor commutative.

pa TR

e

o
BS v
[

ERIC
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O
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- el

Iet' R be the set of all real numbers and léet S be the set of all

negative real fnumbers. Which of these ig(a;éj closed under th

= ey

of subtraction?

a,  Ronly b. Sonly . c. Both R and §

.

e operation-,

d. Neither R nor 8

Let' R be the set of all real numbers -except zero and let S “be the

the gperaflan of division?

a. Ronly = b, 8 C. " Both R and'S

only -

a. The distanct betwéen 2 and;'ﬁg is
1 b. The distance between: -2 and x is
by The -2 and i

The

a.” distance between =X

d. distance between 2 and x is

. . ¥
Which of*the following is & sorzget
distance between x and (-k) is greater than 5
Ix - 4] >5 S,

b, |x f(_4)| >5

&. O X =
X -

d. x -

Order Statements:

= & negative number, write an order

If s, y, and z are real numbers and y - %

write an order étatemé@t connecting x - ¥ and x -

V.

d.

s

lees than 3.
1&55‘fhan 3.
g less than" 3..
3]

less than

"?;,

.- set of all negative real numbers, Which of these is(are) ci§§ed under

Neither R'nor 8

SR , }
s any number for which |x + 2| <3 1is true, then which of the

translation of the sentience, "the =

statement Q@nneéting <

is a positive number,




ai

1Di

11.

O

ERIC
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: 3E4§t the four smallest prime numbers.

& il

s *

Caggle%ian:

' The Fundamental Theorem of Afithmgtig tells us that every positive integer

-éxcépt one and the primgs'hia ! 2 one prime

i

factorization. (gxg&tiy,at leget,more than)

If n is odd, then (n + E)grislr;

Find;the prime factorization of '120. __

- i _ - = -
Find two numbers whose product is 120 and whose sum is 29.

Find the smallest positive integer y fo¥ which 6 is a factor of

12 + 13y. _ ) . -

i

Multiple Choice:

Which of the following numbers does not have any proper prime

b 143 te. - 133 &

=
L]
e

[
My

V2,

C.

3 =

¥ B 3)_‘_

ro

+ 6

[

2%
Y

ng?

Il

ry
(N
L

names the same number

i

]

i N |
»
=

e

18

Tt
bl
w
o)
foad
[
»
[T
e
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.. Chapter 13. FRACTIONS A X -

" Completi

'

:-Find the pféﬂn?f of -

I
=%
Tk
o
"
w
fy]
]
[
)
H
I
E
Js)
[
Wl
")

*3,% Mhe fraction % mey be interpreted as the ratio of . to
5 - L . H = -

b

L, When we write the phrase %% we assume that the domain of y

excluded~ = and - . .. 7

. g-g,', R

. . .
BN - - )
h

- . Write the common name for:

5. (Zg:g)(:;g): s

]
.

grul
" T
[ ‘Uﬁlq E
+
ol s
I
|

[
ﬂ—l
N
b
”1“
]

13, Write an open sentence for the following problem, ® D0 NOT SOLVE, -

decreased by x,  the value of the
resulting fraction is -1, By what
amount was the numerator decreased?

1=z

- : 127

it

ERIC
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- Multiple Choice: . - -

"If* x and 'y nare real mumbers such that x < y <.0, which of the
. fngwigg. is PD'Siif!i:VE? . ) L. , -

:’\
"
]
<
o
I
b |
f
4 | st
[}
=
[y

-

L T T . : . ‘
-t - . - » .

. Bee, also, T.C., 9F, pages 267-269. Ttems:” 1,

' 2 | 7 S z

it
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" . Chapter 14. EXPONENTS

b

Bt 2

V’ i;i

Which of the

is 2%

- 1

t

Which of the

LY

o

Which of the

39

8.

Which ﬁﬁxthé

' Completion:

6, If x

3

7. If u and v are fumbers for which

then 2
u

“Aglﬁ;tiﬁls Choice:

“are true sentences, then

.

following riames th[e same number as

B

Lo

F]

1

C.

6
i t

3
L I

following names the. same number as -
. :

rb!‘ 4

(-2) a

names the same number as

u(3") 67

following

b!

Cs

following flames the same number as

2y,1 2 v,
SCU.

2

Both {and

3

=

Neither

=,

and y are numbers for which 2- 277 =02

X+y=

’

DIRECTIONS: Guestions 8-13. Simplily an

-2,.3

9.

O
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pozitive expoments only.

tho valus 0.

[

T

hoad

P

m

nor

- 3 Q s B
oy’ a0y

oy

r x, which of the

5 ars factors of X.

1=4

5 ave factors of x.

d write answer with

sume no variable has



~

L &

R

' See, also, T.C., 9F, page 310, Items 9, 10, e and f.
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11.
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[
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" Chepter 15. RADICALS

’ LY

- : s
. -

- DIRECTIONS: QuEEEféﬂé 1-b. !Simplify each of the following.

"

o m\
R

.
P "':ﬁl\ :
+ +
M= - ‘
o T
n W
o)
A

- DIRECTIONS; GQuestions 7-9. GSimplify. Assume that x and ¥y

are positive numbers.

Il

I

EY 5

(Vx+1)(Vx-1)=_ .

XKYUX + 27xj =
.7 —_— . =

the coordinate of a point on the

Tl
+
[

The number

*

number line. ST ; -

then the

is a square root of the positive real number t,

s square root of t.

el B

For every real number T,

[
[

Forevery real number r, ¥ro =

211

The number iggpgh may Le written as 3.4 x 10 where n is

g
|
‘K’

AR

"w



I
=

. Multiple Enoice:

If r 1s a real number, which of the following names a posititve

feal number?

i

o V2

"

approximation to

If 300 1is used as a first

‘approximation is=s

a. 278

If 52 = 7. Ell and 5.2 = éj%SD swhlrh of the following apprﬂximatians

iz incorrect?

roximately egual to".)

(Remember ‘that the symbol

#

Match éSEh

ion

ion in Column A with thF‘LDTTEEPDHﬂng

domain DI the VgrlablF az described in Column B.

real numbers,

(=9

resl numbers except zero.

o)

real numbers.

[

1 non-negative

Pl

real number

o]
=




- . L :_: B : S = S
. Chepter 16. POLYNOMIALS AND FACTORING

. Which of the followlng 1s a polynomial of degree 37

-

4

¢ é; (13 +7193 - c. x° *'x + 23 . e, ng +3

be. XD 4 x - (X2 + Xy A 2+ %
DIRECTIONS: Questions 2-8. Factor completely.

2. 50 - 20x - L

= LY

3. 9x° - 6xy + yg

> =
ET ]
()
(] L]
an e
'8 B
+ +
. L]
A 4
fal
[
F
)

Ll
»
=z
g
g
[%]
it
>
[}
bt
=
+
[

21 by completing the square.

ol
| ]
Py
H‘
+
kel
k]
Ii
o]

=
it
L]
»
]

[
=
wJi
i
(o]

o polynomial form. -

»’_I\
=
L7
—
]
e
-+
[
jul

1
W
—
-+
w—
]l

[
K]
o
+
W
et
W
—
o

M2
t

L]

15. A form with ratiodal denominator for 2 i

W
1
12Ty
|

'.C., 9F = No reference

. 127
' 133
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DIRECTIONS: Quegtions 9 and 10. Find the truth set.
&
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Chapter 17. QUADRATIC POLYNOMIALS '

Multiple.Choice: .

Which of these is faztargblezéver the integers?

III gnly
of these

b. IF only

&,

C.

none

" Consider the polynomials:

I. x° -6 II. x° + 6
i

Which of tﬁesg is factorable over the real

over the lntegers?
b,

II only III only

none of these

a. I only c.

. ,Cansiég: the forms:

I. x(x+2) -1 II. (x + i)g -2

Whiéh!cf these ie s factored form of 12 +

8. ¢. IIT only

-

I only b, 1II only
e, none of these

numbers

ITI. (x+ 1+ /2)(x+ 1 -

4.

IIT. x° + 6x .

but is not factorable
I, I, III .

&*

L, 'Determine thé standard form of the guadratic polynomial xE,= §x'¥ 8,

O
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5. Find the truth set of the equation (ixv-k 3)7E -1=0, - o

a. (2,4) b, (2,-4) ¢ (-24) . a0 (-2,-4)

N - -
p %

[

*

Which one of the following quadratic polynomials can be factored over the

M,

reals but cannot be factored over the i’ntegéfs?
a. Ex+xg‘ d.IE'+Ex+xE
b. =1l+2x+x o ' .8, 2+ X o

B _ 2,
Ty =1 - 2x - *

S L
L i
Factor EDZEP}E'FElyi
72 B S .
T ¥ - ll_;: + 7 .
8. Exg’a Ix - 2
Find the Truth Set of: . 4 .-
Fo '
9. 53{:2 + bx =1
2 =
10, x° + 7 = 6x
A
2, 6, 12
3,5, 6
\
* i:'A
129
139 ~

O
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Aruitoxt provided by Eic:



ERIC

Aruitoxt provided by Eic:

~ Completion: -
- = - ) " -t
o N (x4 1)°
The domain of x for the expression EEE§7+;—=
X =1

number(s) B

Iy

2

Find the quotient and the remainder if 6x~ - 3x

Quatieqt'is e , remainder is .

"DIRECTIONS: Questions 4-6. Simplify.

single indlcated quotient of two pglynamials which |

do not have common factor

a. I only b IT enly = 111
— e none of these

Find thg truth set

‘ex 15,

:lfi), T.C 5 31} ITtems ]3 3-9, 3§
130
i‘ 3
v 4

is

divided by . 2x.+ 5,

P

A
e
= 7

Write your result as a

g
X + X
Yd.
NEN
2

I, II, III
i



Chapter 13. TRUTH S5ETS OF OPEN SENTEN

as]

L

1. An operation which always yields an equivalent zentence iz
' . . s
a, mltiplying both members of the sentepese”by the same

b. adding the same real number to both members.

ig squaring both members.

. For any real numbers x and y, the sentence ® ey iz equivalent t

I

I

x| = v

[
(y - )y +x) =0

T
.

I. x(x +9) -0 II.

pad
w
g
[nd
=
Py
o
i
H
-
]
Lo
o]
o]

a. I only . II only c. both T amd II . neithe 10T

iz equivalent to the open

Ll
=

a. 1 only . II only 2. hoth I and II d. neither I nor

Find the truth set:

e 3

3 = = =

8. (x° - 2)(x +'1) - 0 and v 0

O

ERIC
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1]
k)
]
e

10.

11. x(x-2) +2(x-2) =0

12, x(x - 2) = 2(x - 2)

See, also, T.C., 9F, pages 436-437, Items 1-11.

132
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o
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s Chapter 20. THE GRAFH OF Ax + By + C-= 0

TRECTIONS: Questions 1-L. Refer to

the graph shown at the

+ Mo b

) : " right and the points
‘ A, B, C, D,

* =13

=
il

“5-4-3-2 - 2545
1. Name a polnt whose first coordinate cl B
is O.

L=

By m

o
I
]

i
i
o
Dy
4]
[al
=
]
1
[

2. Name a point whose abgscic

3

[nl
ju]
i

]
]
o
i
<
I

3. Name a point whose abscissa is negatlive and whose ordinate is
4, In which quadrant is point B?

+, =

J%:§g= In ﬁhiéh.quadrant is a point if each coordinate of the point is negative?
. N

6. What is the value of k 1f the line 5% + 3y - 2 = O contains the . '
point (4,%)? :
7. What is value of t if the polnt {(-3,2) 1is on the line with equation

. tx =5y + 4 =07

W

. 8. What is the slope of the line containing the origin and (-3,5)
9, Write an equation of the line ihrough (~3,5) with no slope.

through (-3,5) with slope O.

i

10. Write an equation of the lin
o]
Co which the ordinate is twice the opposite of the abscisza if (0,0) 1is

one of/the ordered pairs.

/

12. Find the slope of the line through the points (3,-2) and (-5,-6).

13. Find an eguation of thq!liné through the points (3,-2) and (-5,-6).
.Write your result in the form Ax + By + C = O, where A, B, C are
integers.

14, Find the y-intercept of the line with equation 2x + y + 3 = O.
15. What is §hé slope of all lines parallel to the line with eguation
o :

2x + y + 1 = ?

=+
i
[

p—
S
3o
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16, Write the y-form of an equation of the line whose y=intercept

and whose slope is 5. \ &

17. Write the y-form of the equstion 2x + 5y - 10 = O,

i

18. Draw the graph of 2% + 5y - 10 =

19. Consider "x + 3 = 0" as o sentence in two veriasbles x  and v,

0.

Then draw the graph of x + 3 _

=

s
Bl
i

o

ERIC
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er 21, GRAPHS OF OTHER

o Thot

Wriien o the ol

T the vertics!

The i the 1y x?
NS
I T A : ) i
i i A i i} I ;
-4 . oL . 4
. : i
Db ; 1
i R f
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Which of the fol

owing 1s the graph of the sentence

\El“«

g

e



Chapter 22, GSYSTEMS OF

i

=)

QU‘?TIQNS AND INEQUALITIE

1. If the graphs of two equstions ore parallel lines, then the system has
a. no solution. ¢, two solutions
“b. one solution. 4, d. infinitely many =solutions,

a. & o one line.

. & d. one noint

3. The graph of the truth set of the system
/ .
{:f+zf:——*: ‘
:févg‘*f)

iz
fla
b.
c.

F
Ly

iz
a. one point, d. ‘the entire plone,
b. one line. e, & reglon

-

"
Lot
-

ERIC
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Determine which of the

of the W stem

: y
e .f’
RN 4
\\ /
3r .,/
\\7 .
\E !
N7
= F
Y
fow
~
1 ‘!l ]
’ 5%
. 0 / 2%
o A
£
. b.

Y y
\.\ ;/ N /
% N !
2%F 4 = £ .
. ¥4 2 r\ / :
N Nofoed
I - k . l L \}‘{ LI
[ g ]
g A H
_ 1 Pl B R | . _ [ B AR TS i
/ ~ A7 EL
I NE X of/ 1 2.3 x
3 N\ £ hY
’ s 1 ~
¥ N, ’ >
’ \\ 7 \\

s j s /T / \
s ‘ b
L 7

i
v, d.

n, (0,0) be o {0,-4) o, {<h,0) ) d., (&,0)

7 to the szentence
R il o= i C. X b D0 ar vy - ‘
., X% F wnd vy - T 0. de x + 20 ar vy -
&, e nd oy - , or ® o+ P2 md  y - 3 =0,
-
= *®
4
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4

é@gglétiQ§= o AN
Ad .
8. The system ,
- . . { x+ y=2¢C
' Ix + 3y = h = ¢

has infinitely many solutionz 1f ¢ equdls .

9. If {(a,ga)f is the truth set of the system

o,
[
kg
!
W
L} 1
[a B o

fo]
L]
o+
e
M
=
=
pa’
[
bl
P
il
bd
5
pa
X
e
+
-
+

10. Find the point of interséction

11. Find an equation of the vertical line through the point of intersection

5
- s o s . /
12, Find the solution set of the zystem
Yy -x+3=0
{y+}€§er. .

13, Graph the truth set of the open sentence

3\

T
L}
[
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5.
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QUADRATIC POLYNOMIALS

]

and vert

sally

a. y = (x+ 3)° + ¢ c. y={x+3)-75
y=(x-3)7+5 d. y=(x-3)° -5
Find the vertex of the parabola whose equation iz
a. (2,3) b, (-2,3) e, (-2,-3) d.
Find an equation of the oxis of the parabola y =
a., X =3 b. x= -3 c. y =1

raph obtained by moving t
ica

Determine the -(x -
2., =2 b, 2 & - d 3

and d are negative re

a., lies entirely above
b, liec entirely be
o, cannot cross the x-axis

touches the x-axis in exs

crosses the x-axiz in two points,

olloving equations doe

=] s _ 2 i
a. x- &#x = O d. % o+ bx o+ 3
Tz
"beoox + by o+ X e, ¥+ hx + Uk
. . )
ey X+ hx+ 2 =0

k0

140

tly one point,

It

]
-
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]

The truth =zet of x° + 4x + 1 - 0 1is

a. (2 -3, 2+ /3 c. (-2 +¥3, 2. /)

e (=243, 2+ /3] a. (2- /3, -2 - /3

=3

also, T.C,, I, popen ST70-571, Ttemo Toro,
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Chapter 2h. FUNCTIONS

-

1. Iet g be a function defined by the equation
1
glx) = 53 -
The domain of g
_ 1

a. O b, 2 c. -2 d. = e.

2. Iet f bBe the function defined by the equation
t{x) = ¥, for every resl number x.
Find fla + 1) - f(a - 1)
a. 2 b, b c. Za d. -Pu e.

£ such that f(e) = d, where ¢

[
.
(]
o]
)
i
e
jach
bad
i

]
b
o
i
ty
=
o
bl
s
s
o
o

real rmmbers., Vhich one of the following pointz is on the

a. (o,d) b, (a,z) . (-c,-d) a. (-d,-2) e
4 Iet ¢

»

Hindd
5. Iet o

Se alao R
See, also, LLE

)
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